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NORM OF COMPOSITION OPERATOR ON MIXED NORM SPACES

DUŠICA DMITROVIĆ

(Communicated by E. Fricain)

Abstract. Computation of the exact norm of the composition operator acting on the spaces of
holomorphic functions has shown to be difficult to perform. In this paper, we provide estimates
of the norm of this operator acting on the mixed norm space Hp,q,α . For some values of parame-
ters p,q and α , the proposed upper bound of the norm generalizes the upper bound of the norm
of the composition operator acting on the weighted Bergman space.

1. Introduction

Throughout the paper , C denotes the complex plane and Hol(D) denotes the
space of all holomorphic functions on the unit disc D = {z ∈ C : |z| < 1} . For 0 <
p � ∞ and 0 < q,α < ∞ , the mixed norm space Hp,q,α is the space of all functions
f ∈ Hol(D) for which

‖ f‖p,q,α =
(
2αq

∫ 1

0
r(1− r2)αq−1Mq

p(r, f )dr
) 1

q
< ∞,

where for 0 < p < ∞,

Mp(r, f ) =
( 1

2π

∫ 2π

0
| f (reiθ )|p dθ

) 1
p

and p = ∞ ,
M∞(r, f ) = sup

θ∈[0,2π)
| f (reiθ )|.

As in [8], we define the space Hp,∞,α for 0 < p � ∞ and 0 < α < ∞ as the set of all
functions f ∈ Hol(D) for which

‖ f‖p,∞,α = sup
0<r<1

(1− r2)αMp(r, f ) < ∞.

Mixed norm spaces were introduced and studied by Flett, [5, 6]. Since then, these
spaces have been studied by many authors. They form a family of complete spaces that
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contain Bergman spaces. Specifically, the space Hp,p, γ+1
p coincides with the weighted

Bergman space Ap
γ for γ > −1 and 0 < p < ∞ . The norm of a function f ∈ Ap

γ is

‖ f‖Ap
γ
=

(γ +1
π

∫
D

(1−|z|2)γ | f (z)|p dm(z)
) 1

p
,

where dm is the Euclidean area measure in the complex plane. Since the integral in the
norm is evaluated on D , it is simpler to estimate the norm in this case than in the case
of an arbitrary mixed norm space Hp,q,α when p �= q . See [4, 7, 13].

A holomorphic self-map ϕ : D → D induces the composition operator Cϕ on
Hol(D) , defined by Cϕ f = f ◦ϕ for f ∈ Hol(D) . Research on composition operators
on spaces of holomorphic functions starts with the work of Nordgren [10]. It is difficult
to find the exact norm of composition operator Cϕ , but the problem has been solved
when ϕ is a linear fractional map in certain function spaces. See [3, 12]. In the case of
the weighted Bergman space, in [13], the norm of Cϕ is estimated by

1

(1−|ϕ(0)|2) γ+2
p

� ‖Cϕ ‖Ap
γ →Ap

γ
�

(1+ |ϕ(0)|
1−|ϕ(0)|

) γ+2
p

.

This motivates us to estimate the norm of the composition operator Cϕ acting on the
mixed norm space Hp,q,α in a similar form by

C1
1

(1−|ϕ(0)|2)α+ 1
p

� ‖Cϕ ‖Hp,q,α→Hp,q,α � C2

(1+ |ϕ(0)|
1−|ϕ(0)|

)α+ 1
p
,

where these constants C1 and C2 depend on p,q,α and |ϕ(0)| . If a = ∞ we define
1
a := 0, βa = ∞ for 0 < β < ∞ . The main result of this paper is the following:

THEOREM 1. Let 0 < p,q � ∞ , 0 < α < ∞ and ϕ : D → D be holomorphic then

C1
1

(1−|ϕ(0)|2)α+ 1
p

� ‖Cϕ ‖Hp,q,α→Hp,q,α � C2

(1+ |ϕ(0)|
1−|ϕ(0)|

)α+ 1
p
,

where

C1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Γ
(

α p+ p
q +1

2

) 2
p

Γ(α p+ p
q )

1
p

, 0 < p,q < ∞, q
p � 1;

Γ
(

α p+ p
q +1

2

) 2
p

2α+ 3
p Γ(α p+ p

q )
1
p
, 0 < p,q < ∞, q

p > 1;

Γ
(

α p+1
2

) 2
p

2α Γ(α p)
1
p

, 0 < p < ∞, q = ∞;

(
2αq|ϕ(0)|
1−|ϕ(0)|2 +

(
3
√

3
4

)αq)− 1
q
, p = ∞, 0 < q < ∞;

1, p = ∞, q = ∞,
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and

C2 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1, αq � 1, q
p � 1 or αq < 1, q

p � 1
2 or p = ∞,q = ∞;(

3+|ϕ(0)|
1+|ϕ(0)|

) 1
p− 1

q
, αq � 1, q

p > 1;(
1+|ϕ(0)|
1+3|ϕ(0)|

)α− 1
q
, αq < 1, 1

2 < q
p � 1;

(1+ |ϕ(0)|)α− 1
p , αq < 1, q

p > 1.

2. Preliminaries

In the case where parameters 0 < p,q < ∞ , we are going to estimate |ϕ(z)| by
function R which depends on |z| when 0 < |z|< 1. It will be useful to separate function
R from |ϕ(0)| in certain cases, so we give two estimates for |ϕ(z)| , where the second
one was initially introduced in [11]. The first estimate,

|ϕ(z)| � |z|+ |ϕ(0)|
1+ |ϕ(0)||z| (1)

is a consequence of the Schwarz-Pick lemma. The second estimate,

|ϕ(z)| � (1−|ϕ(0)|)|z|+2|ϕ(0)|
1+ |ϕ(0)| (2)

is easy to check from the first one.

LEMMA 1. Let f ∈Hol(D) and ϕ : D → D be holomorphic. Then for 0 < p < ∞
and 0 < r < 1

Mp
p(r, f ◦ϕ) � R+ |ϕ(0)|

R−|ϕ(0)|M
p
p(R, f ),

where |ϕ(z)| � R < 1 for all |z| = r .

Proof. Let |ϕ(0)| = c . Since | f |p is subharmonic on DR = {z ∈ C : |z| < R}
and continuous on DR , there is a continuous function u defined on DR , such that u is
harmonic on DR , | f (z)|p � u(z) for z ∈ DR and | f (z)|p = u(z) for |z| = R . Then

Mp
p(r, f ◦ϕ) =

1
2π

∫ 2π

0
| f (ϕ(reiθ ))|p dθ

� 1
2π

∫ 2π

0
u(ϕ(reiθ ))dθ = u(ϕ(0)).

(3)

By using the Harnack inequality in (3), we obtain

Mp
p(r, f ◦ϕ) �R+ c

R− c
u(0) =

R+ c
R− c

1
2π

∫ 2π

0
u(Reiθ )dθ

=
R+ c
R− c

1
2π

∫ 2π

0
| f (Reiθ )|p dθ .



700 D. DMITROVIĆ

Hence,

Mp
p(r, f ◦ϕ) � R+ c

R− c
Mp

p(R, f ). �

2.1. Pointwise estimates

We first obtain estimates of the norm of the functional Fz : Hp,q,α → C defined by
Fz f = f (z) for z ∈ D .

LEMMA 2. Let z ∈ D then

L1
1

(1−|z|2)α+ 1
p

� ‖Fz‖ � L2
1

(1−|z|2)α+ 1
p

,

where

L1 =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Γ
(

α p+ p
q +1

2

) 2
p

Γ(α p+ p
q )

1
p

, 0 < p < ∞, 0 < q � ∞;

(
2αq|z|
1−|z|2 +

(
3
√

3
4

)αq)− 1
q
, p = ∞, 0 < q < ∞;

1, p = ∞, q = ∞,

and

L2 =

⎧⎪⎪⎨
⎪⎪⎩

1, 0 < p,q < ∞, p
q � 1 or p = ∞,0 < q � ∞;

2α+ 3
p , 0 < p,q < ∞, p

q < 1;

2α(1+3|z|) 1
p (1+ |z|) 1

p , 0 < p < ∞, q = ∞.

Proof. Since the norm ‖Fz‖ is equal to sup |Fz f |
‖ f‖p,q,α

, where the supremum is taken

over all nonzero functions f ∈ Hp,q,α , and ‖ · ‖p,q,α is rotational invariant, then the
norm of Fz is also rotational invariant because

| f (z)|
‖ f‖p,q,α

=
| f ◦Rargz(|z|)|

‖ f‖p,q,α

where Rθ z = zeiθ and f ∈ Hp,q,α . To find the lower bound of the norm Fz , where

|z| = r0 , it is enough to estimate from below the expression
|Fr0 f |

‖ f‖p,q,α
for some function

f ∈Hp,q,α . To find the upper bound of ‖Fz‖ , we will estimate | f (z)| for all f ∈Hp,q,α

when z ∈ D .

• Case 0 < p,q < ∞0 < p,q < ∞0 < p,q < ∞0 < p,q < ∞0 < p,q < ∞:

Let z ∈ D be arbitrary and |z| = r0 . Since function f (w) = 1

(1−r0w)α+ 1
p + 1

q
for

w ∈ D is in Hp,q,α and the norm of function f is equal to

‖ f‖p,q,α =
(
2αq

∫ 1

0
r(1− r2)αq−1Mq

p(r, f )dr
) 1

q
,
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by using Theorem 1.3 from [9] we obtain the following estimate

Mp
p(r, f ) =

1
2π

∫ 2π

0

dθ

|1− r0reiθ |α p+ p
q +1

�
Γ(α p+ p

q )

Γ(
α p+ p

q +1

2 )2

1

(1− r2
0r

2)α p+ p
q
.

If C =
Γ(α p+ p

q )

Γ(
α p+ p

q +1
2 )

we get

‖ f‖q
p,q,α � C

q
p 2αq

∫ 1

0
r
( 1− r2

1− r2
0r

2

)αq−1 dr

(1− r2
0r

2)2
.

After the change of variable t = 1−r2

1−r20r
2 , we have

‖ f‖q
p,q,α � C

q
p

1− r2
0

αq
∫ 1

0
tαq−1 dt =

C
q
p

1− r2
0

.

Hence, after replacing |z| = r0 , we obtain the lower bound of the norm

‖Fz‖ � | f (r0)|
‖ f‖p,q,α

�
Γ
(α p+ p

q +1

2

) 2
p

Γ(α p+ p
q )

1
p

1

(1−|z|2)α+ 1
p

.

To find the upper bound of ‖Fz‖ , we need to estimate | f (z)| for all f ∈ Hp,q,α

for z ∈ D , to do that, we use the method similar to the one used in [1]. Through
the application of the subharmonic property of the function | f |p , for z = r0eiθ

and r > r0 we have

| f (r0e
iθ )|p � 1

2π

∫ 2π

0
| f (reit )|p r2− r2

0

|r− r0ei(θ−t)|2 dt

� 1
2π

∫ 2π

0
| f (reit )|p r+ r0

r− r0
dt.

(4)

Hence,

| f (z)|q
( r− r0

r+ r0

) q
p � Mq

p(r, f ).

After integration of the previous inequality with respect to the measure 2αqr(1−
r2)αq−1 dr on the interval (A,1) , where A ∈ (r0,1) , we get

| f (z)|q
∫ 1

A
2αqr(1− r2)αq−1

(r− r0

r+ r0

) q
p
dr � ‖ f‖q

p,q,α .

Since function r−r0
r+r0

is increasing for r ∈ (r0,1) and A is arbitrary in (r0,1) we

can choose A = 1+r0
2

2αq
∫ 1

A
r(1− r2)αq−1

(r− r0

r+ r0

) q
p
dr �

(A− r0

A+ r0

) q
p (1−A2)αq

=
( 1− r0

1+3r0

) q
p
(1− r0

2

)αq(3+ r0

2

)αq
.
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By using 3+r0
2 � 1+ r0 and 1

1+3r0
� 1+r0

8 , we have

( 1− r0

1+3r0

) q
p
(1− r0

2

)αq(3+ r0

2

)αq
� (1− r2

0)
αq+ q

p
1

2αq+3 q
p
.

Hence, first estimate of the upper bound of the norm in case when 0 < p,q < ∞
is

‖Fz‖ � 2α+ 3
p

1

(1−|z|2)α+ 1
p

.

From Proposition 1 in [8], the norm ‖ · ‖p,q,α is decreasing with respect to pa-
rameter q and from the main theorem from [8], Hp,q,α ⊆ Hp,p,α . Then in case
when p � q we get

‖ f‖p,q,α � ‖ f‖p,p,α .

The space Hp,p,α is actually the Bergman weighted space Ap
α p−1 . It is well

known that for f ∈ Ap
γ and z ∈ D holds

| f (z)| �
‖ f‖Ap

γ

(1−|z|2) γ+2
p

.

Hence, for f ∈ Hp,q,α

| f (z)| � ‖ f‖p,q,α

(1−|z|2)α+ 1
p

,

or ‖Fz‖ � 1

(1−|z|2)α+ 1
p

in case 0 < p,q < ∞ and p � q .

• Case 0 < p < ∞, q = ∞0 < p < ∞, q = ∞0 < p < ∞, q = ∞0 < p < ∞, q = ∞0 < p < ∞, q = ∞:

Let z ∈ D be arbitrary such that |z| = r0 . For f (w) = 1

(1−r0w)α+ 1
p

, w ∈ D , from

Theorem 1.3 in [9] we have

Mp
p(r, f ) =

1
2π

∫ 2π

0

dθ
|1− r0reiθ |α p+1 � Γ(α p)

Γ(α p+1
2 )2

1

(1− r2
0r

2)α p
.

Then

‖ f‖p,∞,α �
( Γ(α p)

Γ(α p+1
2 )2

) 1
p

sup
0<r<1

( 1− r2

1− r2
0r

2

)α
=

( Γ(α p)
Γ(α p+1

2 )2

) 1
p
.

Hence,

‖Fz‖ � | f (r0)|
‖ f‖p,∞,α

�
(Γ(α p+1

2 )2

Γ(α p)

) 1
p 1

(1−|z|2)α+ 1
p

.

To estimate the norm from above, we use inequality (4) in an arbitrary point
z = r0eiθ ∈ D . Hence, for arbitrary f ∈ Hp,∞,α and r > r0

( r− r0

r+ r0

) 1
p | f (z)| � Mp(r, f ).
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After multiplication of the previous inequality with (1− r2)α and taking the
supremum over r0 < r < 1 we get

| f (z)| sup
r0<r<1

(1− r2)α
(r− r0

r+ r0

) 1
p � sup

r0<r<1
Mp(r, f )(1− r2)α � ‖ f‖p,∞,α .

Assigning r = 1+r0
2 we conclude

sup
r0<r<1

(1− r2)α
(r− r0

r+ r0

) 1
p � (1− r2

0)
α+ 1

p

2α(1+3r0)
1
p (1+ r0)

1
p

.

Hence, we obtain

‖Fz‖ � 2α(1+3|z|) 1
p (1+ |z|) 1

p
1

(1−|z|2)α+ 1
p

� 2α+ 3
p

1

(1−|z|2)α+ 1
p

.

• Case p = ∞, 0 < q < ∞p = ∞, 0 < q < ∞p = ∞, 0 < q < ∞p = ∞, 0 < q < ∞p = ∞, 0 < q < ∞ :

For z ∈ D such that |z| = r0 , the function f (w) = 1
(1−r0w)2α for w ∈ D is in

H∞,q,α and M∞(r, f ) = 1
(1−r0r)2α . Let for 0 < r < 1

g(r) = r(1− r2)αq−1Mq
∞(r, f ) = r

( 1− r2

(1− r0r)2

)αq−1 1
(1− r0r)2 ,

then

‖ f‖q
∞,q,α = 2αq

(∫ r0

0
g(r)dr︸ ︷︷ ︸
I1

+
∫ 2r0

1+r20

r0
g(r)dr

︸ ︷︷ ︸
I2

+
∫ 1

2r0
1+r20

g(r)dr

︸ ︷︷ ︸
I3

)
.

In I1 and I2 , we aim to apply a substitution by introducing the variable u =
1−r2

(1−r0r)2
. When 0 < r < r0, r = ur0−

√
ur20−u+1

ur20+1
for 1 < u < 1

1−r20
and when r0 <

r < 2r0
1+r20

, r = ur0+
√

ur20−u+1

ur20+1
for 1 < u < 1

1−r20
. After applying the change of

variable in both I1 and I2 and using the monotonicity of uαq , we obtain

I1 + I2 =
∫ 1

1−r20

1
uαq−1 r0u√

ur2
0 −u+1(1+ur2

0)
du � 1

2

∫ 1
1−r20

1
uαq du√

ur2
0 −u+1

� 1

2(1− r2
0)αq

∫ 1
1−r20

1

du√
ur2

0 −u+1
=

r0

(1− r2
0)αq+1

.
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Since 1
1−r0r

is an increasing function and αq > 0

I3 =
∫ 1

2r0
1+r20

r
(1− r2)αq−1

(1− r0r)2αq dr � 1
(1− r0)2αq

∫ 1

2r0
1+r20

r(1− r2)αq−1 dr

=
1

(1− r0)2αq

1
2αq

(1− r2
0)

2αq

(1+ r2
0)2αq

=
1

2αq
(1+ r0)2αq

(1+ r2
0)2αq

<
1

2αq

(3
√

3
4

)αq 1

(1− r2
0)αq

.

Hence,

‖ f‖q
∞,q,α � 1

(1− r2
0)αq

(2αqr0

1− r2
0

+
(3

√
3

4

)αq)
,

so we obtain the lower bound of the norm

‖Fz‖∞,q,α � f (r0)
‖ f‖p,q,α

� 1
(1−|z|2)α

( 2αq|z|
1−|z|2 +

(3
√

3
4

)αq)− 1
q
.

For the upper bound, for arbitrary f ∈ H∞,q,α and z ∈ D from the maximum
principle, we have

| f (z)|q � sup
θ∈[0,2π)

| f (reiθ )|q (5)

for all r � |z| . By integrating inequality (5) with respect to the measure 2αqr(1−
r2)αq−1 on the interval [ |z|,1] , we get

(1−|z|2)αq| f (z)|q � 2αq
∫ 1

|z|
r(1− r2)αq−1Mq

∞(r, f )dr � ‖ f‖q
∞,q,α .

Hence,

‖Fz‖ � 1
(1−|z|2)α .

• Case p = ∞, q = ∞p = ∞, q = ∞p = ∞, q = ∞p = ∞, q = ∞p = ∞, q = ∞:

For f (w) = 1
(1−w2)α when w ∈ D , we have

‖ f‖∞,∞,α = sup
0<r<1

(1− r2)α sup
θ∈[0,2π)

1
|1− r2e2iθ |α = sup

0<r<1

(1− r2

1− r2

)α
= 1.

Then, for arbitrary z ∈ D such that |z| = r0 , we obtain

‖Fz‖ � | f (r0)|
‖ f‖∞,∞,α

=
1

(1−|z|2)α .

For an arbitrary function f ∈ H∞,∞,α and z ∈ D from the maximum principle we
have

| f (z)| � sup
θ∈[0,2π)

| f (reiθ )|,
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where r � |z| arbitrary. Since

(1−|z|2)α | f (z)| � sup
|z|�r<1

(1− r2)αM∞(r, f ) � ‖ f‖∞,∞,α ,

then

‖Fz‖ � 1
(1−|z|2)α . �

It has already been proven by Arévalo that the norm of the functional Fz is com-
parable to 1

(1−|z|2)α+ 1
p

in [1]. Lemma 2 provides estimates for the constants involved in

the comparisons on both sides.

CONJECTURE. From the previous discussion, we conjecture that for all 0 < p,q�
∞ , 0 < α < ∞ and f ∈ Hp,q,α

| f (z)| � ‖ f‖p,q,α

(1−|z|2)α+ 1
p

.

3. Proof of Theorem 1.1

Since for holomorphic ϕ : D → D and

Fz Cϕ f = Cϕ f (z) = f (ϕ(z)) = Fϕ(z) f ,

when z ∈ D and f ∈ Hp,q,α is arbitrary. Therefore, Fz Cϕ = Fϕ(z) for every z ∈ D . In
terms of norms, this gives us

‖Cϕ‖ �
‖Fϕ(z)‖
‖Fz‖ .

When z = 0, it follows that

‖Cϕ ‖ �
‖Fϕ(0)‖
‖F0‖ .

So, we obtain

‖Cϕ‖ �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Γ
(

α p+ p
q +1

2

) 2
p

Γ(α p+ p
q )

1
p

1

(1−|ϕ(0)|2)α+ 1
p
, 0 < p,q < ∞, p

q � 1;

Γ
(

α p+ p
q +1

2

) 2
p

2α+ 3
p Γ(α p+ p

q )
1
p

1

(1−|ϕ(0)|2)α+ 1
p
, 0 < p,q < ∞, p

q < 1;

Γ
(

α p+1
2

) 2
p

2α Γ(α p)
1
p

1

(1−|ϕ(0)|2)α+ 1
p
, 0 < p < ∞, q = ∞;

(
2αq|ϕ(0)|
1−|ϕ(0)|2 +

(
3
√

3
4

)αq)− 1
q 1

(1−|ϕ(0)|2)α , p = ∞, 0 < q < ∞;
1

(1−|ϕ(0)|2)α , p = ∞, q = ∞.
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Let ϕ : D → D be holomorphic, |ϕ(0)| = c , 0 < p,q � ∞ , 0 < α < ∞ and f ∈
Hp,q,α arbitrary.

• Case 0 < p,q < ∞0 < p,q < ∞0 < p,q < ∞0 < p,q < ∞0 < p,q < ∞:

To find the upper bound of the norm in this case, we use two methods, the first
one is similar to the method used in [2]. From (2),

|ϕ(z)| � (1− c)|z|+2c
1+ c

,

where z ∈ D . For z ∈ D such that |z| = r let R = (1−c)r+2c
1+c . Then from Lemma

1, we know that

Mp
p(r, f ◦ϕ) � R+ c

R− c
Mp

p(R, f ).

By using the previous inequality and change of variable R = (1−c)r+2c
1+c , we find

the following estimate

‖ f ◦ϕ‖q
p,q,α =2αq

∫ 1

0
r(1− r2)αq−1Mq

p(r, f ◦ϕ)dr

�2αq
∫ 1

0
r(1− r2)αq−1

(R+ c
R− c

) q
p
Mq

p(R, f )dr

=
(1+ c)αq

(1− c)2αq

∫ 1

2c
1+c

((1+ c)R−2c)(R+ c)
R(R− c)

(R+ c
R− c

) q
p−1·

·
((1+ c)R+1−3c

1+R

)αq−1
R(1−R2)αq−1Mq

p(R, f )dR.

(6)

Since
((1+ c)R−2c)(R+ c)

R(R− c)
� 1+ c,

for R ∈ ( 2c
1+c ,1) , we have from (6)

‖ f ◦ϕ‖q
p,q,α � (1+ c)αq+1

(1− c)2αq

∫ 1

2c
1+c

(R+ c
R− c

) q
p−1((1+ c)R+1−3c

1+R

)αq−1·

·R(1−R2)αq−1Mq
p(R, f )dR. (7)

To continue the estimation we need to consider the sign of q
p − 1 and αq− 1.

Let αq = a and q
p = b .

1. When a � 1, using
(1+ c)R+1−3c

1+R
� 1− c

in (7), we have

‖ f ◦ϕ‖q
p,q,α � (1+ c)a+1

(1− c)a+1

∫ 1

2c
1+c

(R+ c
R− c

)b−1
R(1−R2)a−1Mq

p(R, f )dR. (8)
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(a) For b � 1, we have
R+ c
R− c

� 1+ c
1− c

. (9)

By using (9) in (8), we obtain

‖ f ◦ϕ‖q
p,q,α �

(1+ c
1− c

)a+b‖ f‖q
p,q,α .

(b) For b > 1, we have
R+ c
R− c

� 3+ c
1− c

. (10)

After using (10) in (8), we obtain

‖ f ◦ϕ‖q
p,q,α �

(1+ c
1− c

)a+b(3+ c
1+ c

)b−1‖ f‖q
p,q,α .

2. In case a < 1 since

(1− c)(1+ c)
1+3c

� (1+ c)R+1−3c
1+R

,

we have in (7)

‖ f ◦ϕ‖q
p,q,α � (1+ c)2a

(1− c)a+1(1+3c)a−1 ·

·
∫ 1

2c
1+c

(R+ c
R− c

)b−1
R(1−R2)a−1Mq

p(R, f )dR. (11)

(a) If b � 1, after using inequality (9) in (11), we obtain

‖ f ◦ϕ‖q
p,q,α �

(1+ c
1− c

)a+b( 1+ c
1+3c

)a−1‖ f‖q
p,q,α .

(b) If b > 1, after using inequality (10) in (11), we obtain

‖ f ◦ϕ‖q
p,q,α �

(1+ c
1− c

)a+b
(1+ c)a−b‖ f‖q

p,q,α .

From our second method, we will get a better estimate in case a < 1 and b � 1
2 .

Using (1), we get

|ϕ(z)| � |z|+ c
1+ c|z| .

Let for |z| = r < 1, ρ = r+c
1+cr , then from Lemma 1, we get

‖ f ◦ϕ‖p,q,α =2a
∫ 1

0
r(1− r2)a−1Mq

p(r, f ◦ϕ)dr

�2a
∫ 1

0
r(1− r2)a−1

(ρ + c
ρ − c

)b
Mq

p(ρ , f )dr.
(12)
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After the change of variable ρ = r+c
1+cr in (12), we have

‖ f ◦ϕ‖p,q,α � 2a
∫ 1

c

(ρ − c)1−b(ρ + c)b(1− c2)a

(1−ρc)2a+1 (1−ρ2)a−1Mq
p(ρ , f )dρ .

Let

Φ(ρ) =
(ρ − c)1−b(ρ + c)b(1− c2)a

(1−ρc)2a+1 (1−ρ2)a−1Mq
p(ρ , f ),

Ψ(ρ) =ρ(1−ρ2)a−1Mq
p(ρ , f ).

If we consider function

h(ρ) =
Φ(ρ)
Ψ(ρ)

=
(ρ − c)1−b(ρ + c)b(1− c2)a

ρ(1−ρc)2a+1

when c < ρ < 1, then

h′(ρ) =
c(1− c2)a(ρ − c)−b(ρ + c)b−1

ρ2(1−ρc)2a+2 ·

·
(
((1−2b)ρ + c)(1− cρ)+ (2a+1)ρ(ρ2− c2)

)
.

If b � 1
2 then h′(ρ) � 0, hence

h(ρ) �
(1+ c

1− c

)a+b
.

Since Φ(ρ) �
(

1+c
1−c

)a+b
Ψ(ρ) for c < ρ < 1 and b � 1

2 then

‖ f ◦ϕ‖q
p,q,α �2a

∫ 1

c
Φ(ρ)dρ �

(1+ c
1− c

)a+b ∫ 1

c
Ψ(ρ)dρ

�
(1+ c

1− c

)a+b‖ f‖q
p,q,α .

• Case 0 < p < ∞, q = ∞0 < p < ∞, q = ∞0 < p < ∞, q = ∞0 < p < ∞, q = ∞0 < p < ∞, q = ∞ :

From (2) and Lemma 1, for z ∈ D such that |z| = r and R = (1−c)r+2c
1+c we have

‖ f ◦ϕ‖p,∞,α � sup
0<r<1

(1− r2)α
(R+ c

R− c

) 1
p
Mp(R, f )

=
( 1+ c

(1− c)2

)α
sup

2c
1+c �R<1

(1−R)α(1−3c+(1+ c)R)α
(R+ c

R− c

) 1
p
Mp(R, f ).

Since 1−3c+(1+ c)R� (1− c)(1+R) then

‖ f ◦ϕ‖p,∞,α �
(1+ c

1− c

)α+ 1
p
(3+ c

1+ c

) 1
p ‖ f‖p,∞,α .
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Hence,

‖Cϕ ‖ �
(1+ c

1− c

)α+ 1
p
(3+ c

1+ c

) 1
p
.

• Case p = ∞, 0 < q < ∞p = ∞, 0 < q < ∞p = ∞, 0 < q < ∞p = ∞, 0 < q < ∞p = ∞, 0 < q < ∞ :

Since from the maximum principle for 0 � r < 1 we get

sup
0�θ<2π

| f ◦ϕ(reiθ )| � sup
0�θ<2π

| f (Reiθ )|,

where |ϕ(reiθ )| � R = r+c
1+rc for all 0 � θ < 2π from (1), then

‖ f ◦ϕ‖q
∞,q,α � 2αq

∫ 1

0
r(1− r2)αq−1M∞(R, f )dr.

After the change of variable R = r+c
1+rc in the previous integral, we get

‖ f ◦ϕ‖q
∞,q,α � (1− c2)αq2αq

∫ 1

c

R− c
(1−Rc)2αq+1 (1−R2)αq−1M∞(R, f )dR.

Since R−c
1−Rc � R and 1

(1−Rc)2αq � 1
(1−c)2αq when c < R < 1 then

‖ f ◦ϕ‖q
∞,q,α �

(1+ c
1− c

)αq‖ f‖q
∞,q,α .

Hence, in this case

‖Cϕ ‖ �
(1+ c

1− c

)α
.

• Case p = ∞, q = ∞p = ∞, q = ∞p = ∞, q = ∞p = ∞, q = ∞p = ∞, q = ∞ :

From (1) and the maximum principle, we get

‖ f ◦ϕ‖∞,∞,α = sup
0�r<1

(1− r2)α sup
0�θ<2π

| f ◦ϕ(reiθ )|

� sup
0�r<1

(1− r2)α sup
0�θ<2π

| f (Reiθ )|

= (1− c2)α sup
c�R<1

1
(1−Rc)2α (1−R2)αM∞(R, f )

�
(1+ c

1− c

)α‖ f‖∞,∞,α .

Hence,

‖Cϕ ‖ �
(1+ c

1− c

)α
.

This completes the proof. �
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