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NORM OF COMPOSITION OPERATOR ON MIXED NORM SPACES

DuSIicA DMITROVIC

(Communicated by E. Fricain)

Abstract. Computation of the exact norm of the composition operator acting on the spaces of
holomorphic functions has shown to be difficult to perform. In this paper, we provide estimates
of the norm of this operator acting on the mixed norm space H”*4'% . For some values of parame-
ters p,q and o, the proposed upper bound of the norm generalizes the upper bound of the norm
of the composition operator acting on the weighted Bergman space.

1. Introduction

Throughout the paper , C denotes the complex plane and Hol(ID) denotes the
space of all holomorphic functions on the unit disc D= {z € C : |z] < 1}. For 0 <
p < oo and 0 < g, < oo, the mixed norm space HP*%* is the space of all functions
f € Hol(D) for which

_—

1
7lpaa = (20 [ r(1=R)2- 0305 ) dr) " < e,

where for 0 < p < oo,

My = (o [t a0)
nf)=\=— T
PAD 21 Jo ¢
and p = oo, _

Ma(rf) = sup [f(re)]

0¢[0,2m)

As in [8], we define the space HP*>* for 0 < p < e and 0 < o < o as the set of all
functions f € Hol(D) for which

11| pooe = OSUP (1- Vz)aMp(”»f) <o

<r<1

Mixed norm spaces were introduced and studied by Flett, [5, 6]. Since then, these
spaces have been studied by many authors. They form a family of complete spaces that
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contain Bergman spaces. Specifically, the space H”"”"»" coincides with the weighted
Bergman space A$ for y> —1 and 0 < p < eo. The norm of a function f € A$ is

19y = (52 [ = kP an),

where dm is the Euclidean area measure in the complex plane. Since the integral in the
norm is evaluated on D, it is simpler to estimate the norm in this case than in the case
of an arbitrary mixed norm space H”%* when p # q. See [4, 7, 13].

A holomorphic self-map ¢ : D — D induces the composition operator C, on
Hol(ID), defined by Cy f = f o ¢ for f € Hol(ID). Research on composition operators
on spaces of holomorphic functions starts with the work of Nordgren [10]. It is difficult
to find the exact norm of composition operator Cy, but the problem has been solved
when ¢ is a linear fractional map in certain function spaces. See [3, 12]. In the case of
the weighted Bergman space, in [13], the norm of C, is estimated by

! LtloO) 5
o <ol ag < (fER) T
e 1l < (i)

This motivates us to estimate the norm of the composition operator Cy, acting on the
mixed norm space H”%% in a similar form by

1
(1—l(O)P)*7

where these constants C; and C, depend on p,q,0 and |@(0)|. If @ = o we define
é :=0, Ba = for 0 < B < . The main result of this paper is the following:

1+\<P(0)\>°‘+%

. T [0(0)]

< H C(p ||Hp‘q~a_>[-1p‘q~0! < C2<

THEOREM 1. Let 0 < p,g< oo, 0 < X < oo and ¢ : 1D — D be holomorphic then

1 L+[9(0)[+7
C———  <||Cy lgrae—prac < C2< ) )
L ¢ 1—[¢(0)]

(1= [@(0))*"7

where

N

oo, 4
0<p,g<e,,

1
Clap+L)r
2
r(ap+2§+l>ﬁ
TR 0<p,g<e, I>1;
C =4 % "Hertr
1
(=)
— 1, 0<p <oo,g=rco;

p
(o0l (35)) 7. p=em0<acm

L, P =00, g =00,
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and
i i l —_= o0 = oo
1, . aq}l,pglorocq<l,p<20rp— ,q ;
3+l9(0)|\ 7 4
(1+\<p<0)\> , ag= 13>
e |
] q
(1+3|<p<0>|> , ag<ly<p<L
1
(I+leO)* 7, ag<1,i>1L

2. Preliminaries

In the case where parameters 0 < p,q < oo, we are going to estimate |@(z)| by
function R which depends on |z] when 0 < |z| < 1. It will be useful to separate function
R from |p(0)] in certain cases, so we give two estimates for |@(z)|, where the second
one was initially introduced in [11]. The first estimate,

z[+ |9 (0)]
0 < (1)
A PTG
is a consequence of the Schwarz-Pick lemma. The second estimate,
1—|9(0)])|z] +2]e(0
0(2)] < (=100l +2[9(0)] )

1+[¢(0)]

is easy to check from the first one.

LEMMA 1. Let f € Hol(D) and ¢ : D — D be holomorphic. Then for 0 < p < e
and 0 <r<1
R+ (0)]

M{Z(r,fNP) < W

M (R, ),

where |@(z)] <R <1 forall |z| =r.

Proof. Let |@(0)| = c. Since |f|” is subharmonic on Dg = {z € C : |z| < R}
and continuous on Dy, there is a continuous function u defined on Dg, such that u is
harmonic on Dg, |f(2)|” < u(z) for z € Dg and |f(z)|” = u(z) for |z = R. Then

1 21 ”
Myso) =5 [ If(ore)) o
1

2 i0
<3 /0 u(p(re®)) 0 = u(p(0)).

3)

By using the Harnack inequality in (3), we obtain

R+c R+c 1 2= :
MP < = — Re'®
B 09) < gaul0) = oo [ u(Re)do
_R+c 1

21
Re'®)|P d6.
ae [ 1R
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Hence,
R+c

R—c¢

M2(rf o) < ~Elmr(R p). O

2.1. Pointwise estimates

We first obtain estimates of the norm of the functional F, : H”%% — C defined by
F.f = f(z) for ze D.

LEMMA 2. Let z €D then

1 1
where )
()’
- 0<p<oo,0<g<en;
L =4 Tertd?r 1
(e (39)7) " p=mo<ace
1, p=o0,q="0o,
and
1, 0<p,q<oo,§>lorp:oo,0<q<°°;
L= {27, 0<pg<e, <1
29(143[2))7 (1+]2)7, 0< p<eo,q=oco

Proof. Since the norm || F;|| is equal to sup MT—fla, where the supremum is taken
Jlip.g,

over all nonzero functions f € H”%%* and || ||, 4« is rotational invariant, then the
norm of F; is also rotational invariant because

@) f o Rargz(I2])]

Iflpae 1flpge

where Zgz = z¢'® and f € HP9*. To find the lower bound of the norm F,, where

.. . . F, .
|z| = ro, it is enough to estimate from below the expression H‘fH,Of‘oc for some function
P4,

f € HP%% To find the upper bound of || F;||, we will estimate |f(z)| forall f € HP9*
when z € D.

e Case 0 < p,g <oo:
Let z € D be arbitrary and |z| = ry. Since function f(w) =

w e D isin HP%% and the norm of function f is equal to

1 1
7l = (200 | r(1=r) 'ty pyar) ",
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by using Theorem 1.3 from [9] we obtain the following estimate

M f) = /% do T(ap+15) 1
rnf)=—

p\h ) P 2 7

27 Jo |1_r0relg|ocp+q+l l_‘(ocp+2q+l)2 (1 _r(z)rz)ap+q

C(ap+t)
If C= F‘XI’TL we get

2
— 7\ ogq-1 dr
CP 20 / ) .
”prth q l_rorz (1—7%1"2)2
After the change of variable 1 = —22 , we have
o’

q

q

Cr 1 Cr
aq [ 1“7 'dr = :
e < 150 | i

Hence, after replacing |z| = ro, we obtain the lower bound of the norm

ap+L+1\ 7
I G ) A
zZll = = 1
fllpaa ™ T(ap+2)p (1-[2)*

To find the upper bound of ||F;||, we need to estimate |f(z)| for all f & HP9*
for z € D, to do that, we use the method similar to the one used in [1]. Through
the application of the subharmonic property of the function |f|?, for z = rye’®

and r > ry we have
27r r2 _ r
|f (roe'® |p< / (re" (00 i dt
|r —roe!
4)

r-+ro

2m£|ﬂ NP

\UVQ:E)

After integration of the previous inequality with respect to the measure 2cgr(1 —
r?)%=1dr on the interval (A, 1), where A € (o, 1), we get

Hence,

SME(rf).

)17 [ 20qr(1 - ) (2 0)
Q1 [ 200 = A () dr < g
Since function ;0 is increasing for r € (ro,1) and A is arbitrary in (ro, 1) we

can choose A = HT”’

Z(Xq/ (1— 2)oa- 1(—0>%dr><A_r0>%(l—A2)°‘q
r+ry A+ry

(i) ()5
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By using 220 > 1 479 and —— > 110 we have
y ) T+3r0 8

(B (A52) () s -yt Ly
14 3rg 2 2 2 @q+3y

Hence, first estimate of the upper bound of the norm in case when 0 < p,g < oo
is

1
_—
(L= 22>
From Proposition 1 in [8], the norm || - ||, 4.« is decreasing with respect to pa-
rameter ¢ and from the main theorem from [8], H?%* C HP-"**, Then in case
when p > g we get

3
|F|| <2%%

1A lp.ge = 11 p.p.c
The space HP">* is actually the Bergman weighted space Af;pfl. It is well
known that for f € A} and z € D holds

/142
@) < ——
(1—|z?) >
Hence, for f € HP%*
@) < e
(1=[z»)*"
or ||| < ﬁ incase 0 < p,g<eo and p >q.

(=)™ P
Case 0 < p <oo,g=o00:
Let z € D be arbitrary such that |z| = ry. For f(w) =

(1=rgw)" " P
Theorem 1.3 in [9] we have

1 21 de T (Xp) 1
MP(r,f) = —/ - < .
p( /) 2w fo |1— rorez(~)|ap+1 I( a192+1)2 (1— r%ﬂ)ap
Then
C(ap) \» 1—r2 @ C(ap) \7
Hf”[%“’ﬂ < < o(cerl) 2) ! Sup (1 2 2) - ( op+l 2) .
r'(=5=) o<r<t N —1gr r(=5=)
Hence,
r ap+l\2 1 1
[ £l .0 Llop) 7 (1= |zp)**s

To estimate the norm from above, we use inequality (4) in an arbitrary point
z=roe'® € D. Hence, for arbitrary f € HP*>% and r > ry

(=LY 0] < My (1)

r-+ro
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After multiplication of the previous inequality with (1 —7?)* and taking the
supremum over 1o < r < 1 we get

@I suwp (1= (T=2)7 < sup My ) (1= ) < fllpeoar

ro<r<l r+ro ro<r<l

Assigning r = HT”’ we conclude

l

oL 2
wp (1= (22) > L o0
ro<r<l r+ro (1 +3r0)7(1+r0)F

Hence, we obtain

1 1 1 3 1
|E| <2%(1+3|z)7 (1 +|z])p ————— < jotd L
2 aty 2 o+ L
(1_‘Z| ) P (1—‘Z| ) V4
Case p=oo,0 < g<oo:
For z € D such that |z| = ro, the function f(w) = W for we D is in

H>%% and Mo (r, f) = .LetforO<r<1

lrr

1—r2 Nea-1 ]
8) = (=) ML ) =r ()

(1—ror 1 —rr)?’
then

[fI|L 0.0 = 20tq / g(r dr+/”’°g dr+/

1+r0

I

In I 1 and I, we aim to apply a substitution by introducing the variable u =
—/ 1
= When 0 < r<ry, r=—V 70" W“ o forl<u<—andwhenr0<

(1 T r) urgy 2] r(z)
r< lzfr)z, F= ot uvr"jfl—” for 1 <u <1z . After applying the change of
0 0

variable in both /; and I, and using the monotomclty of u®, we obtain

11, rolt 1 ﬁ du
bt [Ty PR P
1 ,/ur(%—u—l—l(l—l—urg) 24 urg—u—i—l

1

1 /1,,2 du 70
< 0
2(1—r3)* Ji /W Cutl (1—r0)w1+1
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Since % is an increasing function and ag > 0
—ror

1
= 0 < 1 : r(1—r?)*tdr
2r0 1 _ ror 2aq (1 _ r0)2aq 12%
+r0

U LR 1 (e
(=02 20 (1+72)2%  20q (1+12)2%
1<3\F>aq 1

(

Zaq 4 l—rg)“q'

Hence,

111200 < s (224 (22)),

so we obtain the lower bound of the norm

2
1 —r;

f(l’()) 1 2aq|z‘ 3\/§ og —%
‘f”p,q,a z (1—‘Z|2)O‘<1—‘Z|2+< 4 ) ) ’

For the upper bound, for arbitrary f € H*%* and z € D from the maximum
principle, we have

1Fellega >

F@I7 < sup [f(re)|? Q)
0¢[0,2m)

forall r > |z|. By integrating inequality (5) with respect to the measure 20.qr(1 —
r?)%=1 on the interval [|z],1] , we get

(1= Y@ < 20 [ (1P M) < 1
Hence,
I < e
Case p=oo,q=rc0:
For f(w) = m when w € D, we have
1 172
Wl = 0,070 o i mgmage =20, (=) =1

Then, for arbitrary z € D such that |z| = ry, we obtain

o)l 1
1 lleowma (1= 12?)®

17| >

For an arbitrary function f € H**% and z € D from the maximum principle we
have

f() < sup |f(re)],

0¢(0,2m)
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where r > |z| arbitrary. Since

(L= zP)*If@)] < sup (1=r)"Me(r.f) < || fllooors

lz]<r<1

then

1
F|< 77— U
H ZH (1_|Z‘2)a

It has already been proven by Arévalo that the norm of the functional F; is com-
parable to 1 . in [1]. Lemma 2 provides estimates for the constants involved in
(1=[z)"" P
the comparisons on both sides.
CONJECTURE. From the previous discussion, we conjecture that for all 0 < p,g <
oo, 0 < ot <o and f € HPT

1f(2)] < _Mlpge
(1— \Z|2)a+ﬁ

3. Proof of Theorem 1.1

Since for holomorphic ¢ : D — D and
F.Co f =Cpf(2) = f(9(2)) = Fy(o)f

when z € D and f € HP9% is arbitrary. Therefore, F;,C, = Fy() forevery z€ D. In
terms of norms, this gives us

F,
icpl > el
(||
When z =0, it follows that
1 Foo)ll
1Col = =
¢ |Foll

So, we obtain

0<p,q<eo,

) 2
(ap+’+1>p
1
1
I

ap+)?  (1-|pO)R)* 7

(e

2P Tap+2) P (1-lp(O)P)* 7
(=)
2T(ap)? (1-|p( |
(50 () e =055
ErO pomam

2
WV

O<p7q<°°,§< 1;
1Coll =

) 0<p<oo,g=oo;

'u\'—

m—
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Let ¢ : D — D be holomorphic, [@(0)] =c¢, 0 < p,g< e, 0 < ax <o and f €
HP4% arbitrary.

e Case 0 < p,g<oo:

To find the upper bound of the norm in this case, we use two methods, the first
one is similar to the method used in [2]. From (2),

(I—0¢)|z|+2¢
S—
ol < L=
where z € D. For z € D such that |z] = r let R = (1_3:”20. Then from Lemma
1, we know that R
_|_
My (r,fop) < MJ(R. f).
By using the previous inequality and change of variable R = (lff J)rrjzc , we find
the following estimate
170015 0a=20ta [ r(1— P M0 7o )
R
<2aq/ r(l—rz)aq_l( +C> MI(R, f)dr
0
(1to) /1 (14 )R —2¢) (R+¢) (R+c>%*1 ©
~(1—c)204 R(R—¢) R—c
(1—|—c)R+1—3c>0€q—1 g1
| R(1 —R:)%'MI(R, f)dR
(— = (1= R MY (R, f)

Since
((I+¢)R—2¢c)(R+c)

R(R—¢)
for R € ( 2 7o+ 1) » we have from (6)

<l+e,

(1+c)°‘qul I /R+c\3-1/(14+¢)R+1—3c\ %1
ool < [ Ry (raRE 1 Z3eger
P@%= (1 —¢)2eq J2o \R—¢ 1+R

‘R(1—R*)™'MI(R,f)dR. (7)
To continue the estimation we need to consider the sign of % —1 and ag—1.

Let o.g = a and izb.

1. When a > 1, using
(I+c¢)R+1-3c
1+R

<l-c¢

in (7), we have

1+ /R4 c\b-1 u
Ife@lfaa < Tgam /A (R_c) R(1— R MI(R, f)dR. (8)
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(a) For b < 1, we have
R+c 1+c¢

9
R—c l —c ©)
By using (9) in (8), we obtain

I+c¢
1Fooltaa< (F25) 1Al g

(b) For b > 1, we have
R+c 3+c¢

R—c l —c
After using (10) in (8), we obtain

(10)

1+c>a+h<3+c

I700le < (125) " L) 1AM ga

2. Incase a < 1 since

(I—=c)(1+0¢) . (I+c¢)R+1-3c
1+3¢ 1+R ’

we have in (7)

(1+C)2a
1— c)qul(l _|_3c)a71

I /R+4c\b-1 "
/ (R_c) R(1—R*)*'M4(R, f)dR. (11)

”fO(P”pq,a X (

(a) If b < 1, after using inequality (9) in (11), we obtain

Y g
1—c 1+3c e

(b) If b > 1, after using inequality (10) in (11), we obtain

”qu)Hpqa X <

1 +c\atb a
Iroolfa< (7=) A+ Iflfga

From our second method, we will get a better estimate in case a < 1 and b < % .
Using (1), we get

|Z| +c
901 < Ty
Letfor |z =r<1,p= lrjrrc"r , then from Lemma 1, we get

1
1f o @llp.g.0 :2“/0 r(1=r)"IMy(r f o p)dr
! p+c
<2a/0 r(1—r?)a" (p— ) Mi(p, f)dr.

Cc

12)
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After the change of variable p = l’jr"fr in (12), we have

H(p— o) (p+ ) (1— &)
[foolpga< 2‘l/c (1— pc)2atl

(1—=p»* 'Mi(p,f)dp
Let

_leh +Cb1_c2u
o)~ U

¥(p) =p(1—p*)*'Mi(p,f).
If we consider function

_@p) _(p—o)'pte)f1—c)
¥(p) p(1—pc)ett

—p) M (p. /),

when ¢ < p <1, then

c(1=)(p - Mp+e)!
p2(1 — pc)2at2

(1 =20)p+)(1 =)+ 2a+ p(p>~ ).

Ifb< % then /'(p) > 0, hence

H(p) =

L +c\atd
l—c> '

np) < (

a+b
Since @(p) < <i+f> Y(p) forc<p <1landb< % then

1+c atb
||fo(PHpqa<2a/ d) ) ‘/C "P(p)dp

I+c¢
<(1_C) anm

Case 0 < p<oo,g=o0:

(I—c)r+2c

From (2) and Lemma 1, for z € D such that |z[ = r and R = ~—/— we have
R+c\3
1o @llpea < sup (1= (2==) " My(R. )
0<r<l1 -
1 a R+c\7
:(ch) sup (l—R)“(l—3c+(1+c)R)°‘< +C>pMp(R,f).
(I—C) %<R<l R—c
Since 1 -3¢+ (1+c¢)R< (1 —c¢)(1+R) then
I+c¢ 34c
IFo@lpmas ()" (1+c) £l
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Hence,

1+c\o+5 /3+4c\
Coll< (=) " (e)"
ICs l—c I+c

e Case p=oo,0 < g<oo:

Since from the maximum principle for 0 < r < 1 we get

sup |fog(re®)| < sup [f(Re)],

0=>6<2m 0>60<2m

where |@(re'®)| <R = < forall 0 < 6 < 27 from (1), then

1
170l qa <20 [ H(L=r) MR, f)dr

After the change of variable R = 7 in the previous integral, we get

1+rc
—c B
ol < (1-E)2aq | hs (- R MR )R
Since £-¢ <R and (1—R1c)2<m < (1—c1)2<w when ¢ <R <1 then
I+c¢
1ol ge < (1) If1L g0
Hence, in this case
l+c\@
Il < (=) -

o Case p=oo,g=o0:
From (1) and the maximum principle, we get

1 © @l = sup (1 =) sup |fog(re®)]

0o<r<1 0<0<2m
< sup (1—=r)* sup |f(Re)|
o<r<1 0<6<2m

=(1—c*) sup —R*)*M(R, [)

1
——(1
c<R<1 (l _RC)2a(
1+c¢
<(25) Wl

Hence,

Il < (129)°

This completes the proof. [
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