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Abstract: This manuscript introduces a finite collection of generalized permutohedra associated to a simple graph. The
first polytope of this collection is the graphical zonotope of the graph, and the last is the graph-associahedron associated
to it. We describe the weighted integer points enumerators for polytopes in this collection as Hopf algebra morphisms of
combinatorial Hopf algebras of decorated graphs. In the last section, we study some properties related to H–polytopes.

Key words: Generalized permutohedron, quasisymmetric function, graph, decorated graph, combinatorial Hopf algebra,
f−polynomial

1. Introduction
In this paper we construct a finite collection of generalized permutohedra associated to a simple graph. This
collection starts with the graphical zonotope and ends with the graph-associahedron. To each generalized
permutohedron Q is associated a quasisymmetric function F (Q) , introduced in [4]. It enumerates positive
lattice points in the normal fan NQ . The weighted analogue Fq(Q) of this enumerator, which takes into
account the face structure of the normal fan NQ , is introduced and studied in [6]. Among its properties is
that the f−polynomial f(Q) can be obtained as the principal specialization of Fq(Q) . For different classes of
generalized permutohedra the algebraic interpretation of these enumerators is given by a universal morphism
from appropriately defined combinatorial Hopf algebras to the combinatorial Hopf algebra of quasisymmetric
functions QSym .

The cases of graphical zonotopes ZΓ and graph-associahedra PΓ are of special interest. The enumerator
F (ZΓ) is known to be the Stanley’s chromatic symmetric function and the enumerator F (PΓ) is the chromatic
quasisymmetric function introduced in [5]. Our construction produces a finite collection of weighted quasisym-
metric functions between Fq(ZΓ) and Fq(PΓ) . We show that each of these weighted quasisymmetric functions
is actually derived from certain combinatorial Hopf algebra of decorated graphs.

2. Graph polytopes

For the standard basis vectors {es}1≤s≤n in Rn , let ∆H := conv{es : s ∈ H} be the simplex determined by a
subset H ⊆ [n] . The hypergraphic polytope of a hypergraph H on [n] is the Minkowski sum of simplices

QH :=
∑
H∈H

∆H .
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Since generalized permutohedra are Minkowski sums and differences of dilated simplices (see [9]), we have that
any hypergraphic polytope is a generalized permutohedron, i.e. a convex polytope whose normal fan NQH

is
refined by the reduced normal fan NPen−1 of the standard (n − 1)−dimensional permutohedron Pen−1 . The
(n−d) -dimensional faces of Pen−1 are in one-to-one correspondence with set compositions C = C1|C2| · · · |Cd of
the set [n] (see [9], Proposition 2.6). By this correspondence and the correspondence between set compositions
and flags of subsets we identify a face C of Pen−1 with the flag F : ∅ = F0 ⊂ F1 · · · ⊂ Fd = [n] , where
Fm = ∪m

i=0Ci for 1 ≤ m ≤ d.

For a flag F of subsets let MF be the enumerator of positive integer points ω = (ω1, ω2, . . . , ωn) ∈ Zn
+

in the interior of the normal cone NPen−1(F) at the (n− d)−dimensional face F ,

MF :=
∑

ω∈Zn
+∩N◦

Pen−1 (F)

xω1
xω2

· · ·xωn
.

The enumerator MF is a monomial quasisymmetric function depending only on the composition

type(F) := (|F1|, |F2| − |F1|, . . . , |Fd| − |Fd−1|).

Further, for a hypergraph H , in [8] is defined its splitting hypergraph H/F by a flag of subsets
F : F0 ⊂ F1 ⊂ · · · ⊂ Fk with

H/F :=

k⊔
i=1

(H|Fi
)/Fi−1,

where the restriction H|F and the contraction H/F are defined by H|F := {H ∈ H : H ⊆ F} and H/F :=

{H \ F : H ∈ H}. In the same paper, the weighted integer points enumerator is defined as

Fq(QH) :=
∑

F∈L(Pen−1)

qrk(H/F)MF , (2.1)

where rk(H/F) := n − c(H/F) , c(H/F) is the number of connected components of the hypergraph H/F and
L(Pen−1) is the face lattice of the standard permutohedron Pen−1 .

Definition 2.1 For a hypergraph H on [n] we define a family of polytopes

QH,m :=
∑
H∈H

|H|≤m+1

∆H ,

for m ∈ N.

A simple graph Γ = ([n], E) determines a hypergraph of vertices of its connected subgraphs

H(Γ) := {S ⊆ [n] : Γ|S is connected}.

Consequently, the following family of polytopes is determined by Γ

QΓ,m := QH(Γ),m,

for m ∈ N. Note that QΓ,1 is a graphical zonotope and QΓ,m is a graph-associahedron for m ≥ n − 1 . If
Hm(Γ) := {S ⊆ [n] : |S| ≤ m+ 1 and Γ|S is connected} , then QΓ,m is the hypergraphic polytope QHm(Γ) .
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3. Hopf algebras of decorated graphs

We say that Γw = ([n], E,w) is a decorated graph if Γ = ([n], E) is a simple graph and w : E → N is a
decoration of Γ . Let Γw|S be the induced decorated subgraph on S ⊆ [n] and Γw/S be induced subgraph on
[n] \S with additional edges uv for all pairs of vertices u, v ∈ [n] \S connected by edge paths through S . The
decoration of a new edge uv is the minimal sum of decorations over edge paths through S , i.e.

w(uv) := min
us1, s1s2, ..., skv∈E(Γw)

s1,s2,...,sk∈S

{w(us1) + w(s1s2) + · · ·+ w(skv)}.

We call Γw|S the ripping of a decorated graph Γw to S and Γw/S the sewing of a decorated graph Γw by S .

Example 3.1 For the decorated graph Γw and the subset S = {1, 4, 5, 6} , the ripping Γw|S and the sewing
Γw/S are given on Figure 1.

Figure 1. Decorated graphs Γw , Γw|S and Γw/S .

We say that Γw is an 1−uniform decorated graph, denoted by Γ1 , if w(uv) = 1 for all uv ∈ E . Then,
the decoration of an additional edge uv in Γ1/S , for S ⊆ [n] , is the length of the shortest path through S

from u to v .
Two decorated graphs are isomorphic if there is a bijection between them, which preserves decoration.

Let GW
n denote the k−span of all isomorphism classes of decorated graphs on n vertices, where GW

0 := k{∅}
and ∅ is the unique decorated graph on the empty set. For each m ∈ N we will endow

GW :=
⊕
n≥0

GW
n

with the structure of a graded Hopf algebra.
The unit u : k → GW , counit ε : GW → k and the product µ : GW ⊗ GW → GW are the same for all m

and they are defined by u(1) := ∅ ,

ε(Γw) =

{
1, Γw = ∅,
0, otherwise,

and Γw1
1 · Γw2

2 := (Γ1 ⊔ Γ2)
w1w2 .

Here, the decoration w1w2 : E1 ⊔ E2 → N is defined with

w1w2(uv) =

{
w1(uv), uv ∈ E1,

w2(uv), uv ∈ E2.
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For an integer m ∈ N we define the coproduct ∆m : GW → GW ⊗ GW by

∆m(Γw) =
∑
S⊆[n]

prm (Γw|S)⊗ prm (Γw/S) ,

for Γw ∈ GW
n , where prm : GW → GW is the map which deletes all edges whose decorations are greater of m .

The antipode Sm of Γw is determined by the general Takeuchi’s formula for the antipode of a graded
connected bialgebra

S(Γw) =
∑
k≥1

(−1)k
∑
Fk

k∏
i=1

prm(Γw|Fi
/Fi−1),

where the inner sum goes over all flags of subset Fk : ∅ = F0 ⊂ F1 ⊂ · · · ⊂ Fk = [n].

Proposition 3.2 For all m ∈ N , GW,m = (GW , µ, u,∆m, ε,Sm) is a graded connected Hopf algebra.

Proof We only prove compatibility of the product and coproduct and coassociativity, since other properties
are straightforward. For a decorated graph Γw on [n] , one has the following identities

((∆m ⊗ Id) ◦∆m)(Γw) =
∑

∅⊆S1⊆S2⊆[n]

prm(Γw|S1)⊗ prm(Γw|S2/S1)⊗ prm(Γw/S2),

((Id⊗∆m) ◦∆m)(Γw) =
∑

∅⊆S1⊆S2⊆[n]

prm(Γw|S1
)⊗ prm(Γw/S1|S2\S1

)⊗ prm((Γw/S1)/(S2 \ S1)).

Since (Γw/S1)/(S2 \ S1) = Γw/S2 , it is sufficient to show that

prm(Γw|S2
/S1) = prm(Γw/S1|S2\S1

).

Let uv ∈ Γw|S2
/S1 and w(uv) ≤ m. It means that u and v are connected in Γw|S2\S1

or there is a path in
Γw|S2

throught S1 of cost at most m . In both cases uv ∈ prm(Γw/S1|S2\S1
) . Conversely, if uv ∈ Γw/S1|S2\S1

and w(uv) ≤ m , then u and v are connected in Γw|S2\S1
or there is a path in Γw|S2 throught S1. Again, in

both cases uv ∈ prm(Γw|S2
/S1).

Furthermore, for a pair of decorated graphs Γw1
1 ∈ GW,m

n1
and Γw2

2 ∈ GW,m
n2

and subsets S1 ⊂ [n1] and
S2 ⊂ [n2] one has isomorphisms

(Γw1
1 |S1) · (Γ

w2
2 |S2) = (Γw1

1 · Γw2
2 )|S1⊔S2 and (Γw1

1 /S1) · (Γw2
2 /S2) = (Γw1

1 · Γw2
2 )/(S1 ⊔ S2),

which proves commutativity of the bialgebra diagram in the definition of Hopf algebra. 2

Now we define ζq : GW,m → k[ q ] by

ζq(Γ
w) := qn−c(Γw),

for Γw ∈ GW,m
n , where c(Γw) is the number of connected components of Γ. It is straightforward that ζq is a

multiplicative morphism, which turns (GW,m, ζq) into a combinatorial Hopf algebra.
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By the fundamental theorem of combinatorial Hopf algebras (see [2], Theorem 4.1), there is a a unique
morphism

Ψm
q : (GW,m, ζq) → (QSym, ζ).

In the monomial basis it is given by

Ψm
q (Γw) =

∑
α|=n

(ζq)α(Γ
w)Mα.

For a composition α = (α1, α2, . . . , αk) , the coefficient (ζq)α(Γ
w) is determined by

(ζq)α(Γ
w) = ζ⊗k

q ◦ (pα1
⊗ pα2

⊗ · · · ⊗ pαk
) ◦∆k−1

m (Γw),

where pi is the projection on the i−th homogeneous component and ∆k−1
m is the (k− 1)− fold coproduct map

of GW,m .
For a decorated graph Γw and a flag of subsets F : ∅ = F0 ⊂ F1 ⊂ · · · ⊂ Fk = [n ] let

Γw/F :=

k⊔
i=1

Γw|Fi/Fi−1.

Thus, the coefficient corresponding to a composition α = (α1, α2, . . . , αk) |= n is a polynomial in q determined
by

(ζq)α(Γ
w) =

∑
F :type(F)=α

k∏
i=1

q|Fi/Fi−1|−c(prm(Γw|Fi
/Fi−1)) =

∑
F :type(F)=α

qrkm(Γw/F),

where

rkm(Γw/F) := n−
k∑

i=1

c(prm(Γw|Fi
/Fi−1)).

Finally, we obtain

Ψm
q (Γw) =

∑
F∈L(Pen−1)

qrkm(Γw/F)MF , (3.1)

where L(Pen−1) is the face lattice of the standard permutohedron Pen−1.

Theorem 3.3 Given a simple graph Γ and m ∈ N , let QΓ,m be the corresponding m−graph polytope. Then,
the following identity holds

Fq(QΓ,m) = Ψm
q (Γ1),

where Fq(QΓ,m) is the weighted integer points enumerator of the m−graph polytope QΓ,m .

Proof From (2.1) and (3.1), it is suifficient to prove that for any flag F : ∅ = F0 ⊂ F1 ⊂ · · · ⊂ Fk = [n] and
1 ≤ i ≤ k it holds

c(prm(Γ1|Fi
/Fi−1)) = c(Hm(Γ)|Fi

/Fi−1).
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All edges in the decorated graph prm(Γ1|Fi/Fi−1) have decorations less than or equal to m , i.e. uv ∈
E
(
prm(Γ1|Fi

/Fi−1)
)

if and only if there is a path from u to v of the length not greater than m in the
graph Γ|Fi

. Equivalently, there exists H ∈ Hm(Γ) such that u, v ∈ H. 2

From the general theorem for generalized permutohedra (see [6], Theorem 4.4), the f−polynomial of a
m−graph polytope QΓ,m is determined by the principal specialization of the enumerator Fq(QΓ,m) , i.e.

f(QΓ,m, q) = (−1)nps1(Ψm
−q(Γ

1))(−1). (3.2)

Example 3.4 For the line graph L4 = ([4], {12, 23, 34}) , we have

Fq(QL4,1) = q3M4 + 2q2(M1,3 +M3,1 +M2,2)

+ 2q(M1,3 +M3,1 +M2,2 + 3M2,1,1 + 3M1,2,1 + 3M1,1,2)

+ 2M2,2 + 6M1,1,2 + 6M1,2,1 + 6M2,1,1 + 24M1,1,1,1,

Fq(QL4,2) = q3M4 + 2q2(M1,3 + 2M3,1 +M2,2)

+ 2q(M3,1 + 2M2,2 + 5M1,1,2 + 4M1,2,1 + 3M2,1,1)

+ 2M1,1,2 + 4M1,2,1 + 6M2,1,1 + 24M1,1,1,1,

Fq(QL4,3) = q3M4 + q2(2M3,1 + 4M3,1 + 3M2,2)

= q(2M3,1 +M2,2 + 12M1,1,2 + 8M1,2,1 + 6M2,1,1)

+ 4M1,2,1 + 6M2,1,1 + 24M1,1,1,1.

Corresponding f –polynomials are determined by the principal specialization

f(QL4,1, q) = q3 + 6q2 + 12q + 8,

f(QL4,2, q) = q3 + 8q2 + 18q + 12,

f(QL4,3, q) = q3 + 9q2 + 21q + 14.

Figure 2. Polytopes combinatorially equivalent to graph polytopes QL4,1 , QL4,2 and QL4,3 .

In the sequel, we associate the sequence of quasysimmetric functions

(Ψ1
q(Γ

1),Ψ2
q(Γ

1), . . . ,Ψn−1
q (Γ1))

to a simple graph Γ on n vertices. The following theorem answers how this sequence stabilizes.
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Theorem 3.5 Given a connected simple graph Γ , let m be the cardinality of the maximal subset M ⊆ [n] such
that Γ|M ∼= L|M | . Then, for all k ≥ |M | we have

Ψk
q (Γ

1) = Ψ|M |−1
q (Γ1).

Proof It is sufficient to prove that c
(
prk(Γ

1/F)
)
= c

(
pr|M |−1(Γ

1/F)
)

for all k ≥ |M | and for all flags F of

subsets of the set [n] . Let us suppose that u, v ∈ Fi \Fi−1 for the flag F : ∅ = F0 ⊂ F1 ⊂ · · · ⊂ Fk = [n] . Since
the maximal distance between vertices in the graph Γ is m− 1 , it follows that w(u, v) ≤ |M | − 1 . If u and v

are connected in Γ|Fi
, then u and v are not connected in prt(Γ

1/F) for t < w(u, v) , but they are connected
in prt(Γ

1/F) for all t ≥ w(u, v) ≥ |M | − 1 . Similarly, if u and v are not connected in Γ|Fi
, then u and v are

not connected in prk(Γ
1/F) for any k . 2

Example 3.6 Note that Ψk
q (K

1
n) = Ψ1

q(K
1
n) for all k ≥ 1 , where Kn is the complete graph on n vertices. For

the star graph Sn , it holds Ψk
q (S

1
n) = Ψ2

q(S
1
n) for all k ≥ 2 .

Corollary 3.7 The line graph Ln is the only graph on n vertices such that (Ψ1
q(L

1
n), Ψ2

q(L
1
n), . . . ,Ψ

n−1
q (L1

n))

are different quasysimmetric functions.

For a graph Γ on n vertices, the enumerator Ψ1
0(Γ

1) is the Stanley chromatic symmetric function of Γ

and the enumerator Ψn−1
0 (Γ1) is the chromatic quasisymmetric function introduced in [5]. There is only one

pair of graphs on five vertices with the same Stanley’s chromatic functions, but their chromatic quasisymmetric
functions are different. On the other hand, there are three pairs of graphs on six vertices whose chromatic
quasisymmetric functions are the same, but the corresponding Stanley’s chromatic functions are not.

Example 3.8 For graphs Γ1 and Γ2 , see Figure 3, with the same Stanley’s chromatic symmetric functions,
we have

Ψ1
0(Γ1) = Ψ1

0(Γ2) = 4M1,2,2 + 4M2,1,2 + 4M2,2,1 + 24M1,1,1,2 + 24M1,1,2,1 + 24M1,2,1,1 + 24M2,1,1,1 + 120M1,1,1,1,1.

Figure 3. Graphs Γ1 and Γ2 with the same Stanley’s chromatic symmetric functions.

By Theorem 3.5, Ψk
0(Γ1) = Ψ2

0(Γ1) , for k ≥ 2 , and Ψk
0(Γ2) = Ψ3

0(Γ2) , for k ≥ 3 . Also, the following
equations hold

Ψ2
0(Γ1) = 4M2,2,1 + 8M1,1,2,1 + 16M1,2,1,1 + 24M2,1,1,1 + 120M1,1,1,1,1,

Ψ2
0(Γ2) = 6M1,1,1,2 + 10M1,1,2,1 + 16M1,2,1,1 + 24M2,1,1,1 + 120M1,1,1,1,1,

Ψ3
0(Γ2) = 6M1,1,2,1 + 16M1,2,1,1 + 24M2,1,1,1 + 120M1,1,1,1,1.
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Example 3.9 For the graphs on Figure 4, we have that the corresponding chromatic quasisymmetric functions
are the same, i.e. Ψ3

0(Γ3) = Ψ3
0(Γ4) . Note that the coefficient by M1,1,1,1,2 in Ψ2

0(Γ3) is 24 and the coefficient
by M1,1,1,1,2 in Ψ2

0(Γ4) is 0, so Ψ2
0(Γ3) ̸= Ψ2

0(Γ4).

Figure 4. Graphs Γ3 and Γ4 with the same chromatic quasisymmetric functions.

Moreover, in [6] it is shown that Ψ1
0(Γ3) ̸= Ψ1

0(Γ4).

In the previous theorem we have shown how the sequence of quasysimmetric functions (Ψ1
q(Γ

1), Ψ2
q(Γ

1),

. . . , Ψn−1
q (Γ1)) associated to the graph Γ is stabilized. Now, the following question arises: What happens with

the sequence of polytopes (QΓ,1, QΓ,2, . . . , QΓ,n−1) associated to the graph Γ. To answer this question, we will
need the following lemma.

Lemma 3.10 ([7], Lemma 2.4) Consider two polytopes P and Q . Let ψ be an injection from the vertex set
of P to the vertex set of P +Q such that, for every vertex u of P , ψ(u) = u+ v , where v is a vertex of Q .
If ψ is a bijection, then the normal fan of P coincides with the normal fan of P +Q .

Proposition 3.11 Given a connected simple graph Γ , let m be the cardinality of the maximal subset M ⊆ [n]

such that Γ|M ∼= L|M | . Then, for all k ≥ |M | the polytopes QΓ,k and QΓ,|M |−1 are normally equivalent, i.e.
the normal fan of QΓ,k coincides with the normal fan of QΓ,|M |−1.

Proof From Theorem 3.5 and (3.2), we have that for all k ≥ |M | polytopes QΓ,k and QΓ,|M |−1 have the same
f−polynomial. Specially, for all k ≥ |M | polytopes QΓ,k and QΓ,|M |−1 have the same number of vertices.
Since

QΓ,k = QΓ,|M |−1 +
∑

S⊆[n],|M |+1≤|S|≤k+1
Γ|S is connected

∆S = QΓ,|M |−1 + P,

it holds that the map ψ , from the previous lemma, is a bijection from the vertex set of QΓ,|M |−1 to the vertex
set of QΓ,|M |−1 + P. According to Lemma 3.10, the normal fan of the polytope QΓ,|M |−1 coincides with the
normal fan of the polytope QΓ,|M |−1 + P . 2

Theorem 3.12 For a connected simple graph Γ on n vertices and m ∈ N , the polytopes

QΓ,m :=
∑

S⊆[n], |S|≤m+1
c(Γ|S)=1

∆S and QL
Γ,m :=

∑
S⊆[n], |S|≤m+1

Γ|S∼=L|S|

∆S .

are normally equivalent.
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Proof Let M ⊆ [n] be such that |M | = m and Γ|M ∼= Lm. If all S ⊆ [n] , |S| ≤ m , satisfy Γ|S ∼= L|S| , the
statment is true. Further, let K be a subset of the maximal cardinality k of the nonempty set

{S ⊆ [n] : |S| ≤ m, Γ|S ≇ L|S|}.

It is sufficient to prove that polytopes QΓ,m and QΓ,m−∆K are normally equivalent. By the previous theorem,
there exists k′ < k such that polytopes QΓ|K ,k and QΓ|K ,k′ are normally equivalent. In particular, it means
that

QΓ|K ,k = QΓ|K ,k−1 +∆K and QΓ|K ,k−1

are normally equivalent polytopes. Since QΓ|K ,k is the Minkowski summand of QΓ,m , it implies that polytopes
QΓ,m and QΓ,m −∆K are normally equivalent as well. 2

Corollary 3.13 For a connected simple graph Γ on n vertices, the polytopes

QΓ :=
∑

S⊆[n],
c(Γ|S)=1

∆S and QL
Γ :=

∑
S⊆[n],

Γ|S∼=L|S|

∆S .

are normally equivalent.

4. H−posets

For a given vertex v of a m−graph polytope QΓ,m there exists a poset Pv (described in [10], Corollary 3.9)
whose linear extensions corresponding to the Weyl chambers are contained in the normal cone of the vertex v .
For example, if Pv : (1 < 2, 3 < 2) then the normal cone of the vertex v contains Weyl chambers determined
by x1 ≤ x3 ≤ x2 and x3 ≤ x1 ≤ x2.

We can regard a poset P as a directed graph where j <P i if and only if there is a directed path from
i to j in that directed graph. In general, the reverse does not hold. If a directed graph is acyclic, i.e. there
exist no vertices v1, v2, · · · , vk such that v1 → v2 → · · · → vl → v1 , we can view this directed graph as a binary
relation whose transitive closure defines a poset.

For a given hypergraph H on the set [n] , an 1−orientation of a hyperedge H ∈ H is a pair (h1,H2) ,
where h1 is a distinguished element of H ⊆ [n] , and H2 = H \ {h1} . An 1−orientation O of the hypegraph H

is the set of 1−orientations of all its hyperedges. Then we can construct an oriented multigraph H/O on the
set [n] with h1 → h2 for all h2 ∈ H2 satisfying (h1,H2) ∈ O . Specially, if the oriented multigraph H/O has
no cycles we say that the 1−orientation O is acyclic. In that case H/O is an oriented graph.

Example 4.1 For the hypergraph H2(L4) = ([4], {12, 23, 34, 123, 234}) the 1–orientation

O1 = {(1, {2}), (2, {3}), (3, {4}), (1, {2, 3}), (2, {3, 4}}

is acyclic. The 1–orientation

O2 = {(1, {2}), (2, {3}), (3, {4}), (3, {1, 2}), (4, {2, 3}}

is not acyclic, since H/O2 has cycle 2 → 3 → 4 → 2 .
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Let O be an acyclic 1−orientation of a hypegraph H on the set [n] . The transitive closure of the acyclic
orientied graph H/O is a poset P such that for all H ∈ H the restriction P|H is a poset whose the Hasse
diagram is a rooted tree. The root of this rooted tree is the first component of the 1−orientation (h1,H2) of a
hyperedge H in H.

Example 4.2 The 1–orientation O2 from the pervious example is acyclic; therefore, the transitive closure of
the orientied graph H/O2 is the poset P(2 < 1, 3 < 1, 4 < 1, 3 < 2, 4 < 2, 4 < 3) .

Definition 4.3 A poset P on the set [n] is an H−poset of a hypergraph H if

1. for all H ∈ H the Hasse diagram of the restriction P|H is a rooted tree,

2. i⋖P j if and only if there exists H ∈ H such that {i, j} ⊆ H , where i⋖P j means that there is no k ∈ P

such that i <P k <P j.

Note that B−trees defined in [9] satisfy the requirements of the previous definition, so B−trees are the
special kind of H−posets.

Example 4.4 Let L4 be the line graph on the set [4] with edges {12, 23, 34} . For the hypergraph H1(L4) there
are eight H−posets:

P1,P2,P3,P4,P5,P6,P7,P8.

Also, there are twelve H−posets for the hypergraph H2(L4) :

P1,P2,P3,P4,P9,P10,P11,P12,P13,P14,P15,P16.

Finally, for the hypergraph H3(L4) we have fourteen H−posets:

P1,P2,P3,P4,P9,P10,P11,P12,P13,P14,P17,P18,P19,P20.

Figure 5. The Hasse diagrams of H−posets for H1(L4),H2(L4) and H3(L4) .
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Proposition 4.5 A poset P is an H−poset of a hypergraph H if and only if there exists an acyclic 1−orientation
O of H such that P is the transitive closure of H/O .

Proof If P is an H−poset then for every hyperedge H ∈ H there is h1 ∈ H such that P|H is the rooted
tree with the root h1 . Note that (h1,H \ {h1}) is an 1−orientation of a hyperedge H and that the set of all
1−orientations of hyperedges forms an acyclic 1−orientation O of the hypergraph H , for if O is not acyclic
1−orientation, there exists a path v1 → v2 → · · · → vk → vk+1 = v1 in the directed graph H/O . Then,
we have hyperedges H1,H2, . . . , Hk with 1−orientations (v1,H1 \ {v1}), (v2,H2 \ {v2}), . . . , (vk,Hk \ {vk})
where vi+1 ∈ Hi \ {vi} for 1 ≤ i ≤ k. Since 1−orientations of hyperedges arise from the poset P , it holds
v1 >P v2 >P · · · >P vk >P v1 , the contradiction. On the other hand, if O is an acyclic 1−orientation of H , the
transitive closure of H/O satisfies the requirements of the definition 4.3 , so H/O is an H−poset. 2

Let f : [n] → N be a function on the set of vertices of a poset P on [n] . We say that the function f

is a natural P−partition if f(i) ≤ f(j) for vi ≤P vj and a strict P−partition if, additionally, f(i) < f(j) for
i <P j . Denote by A(P) the set of all natural P -partitions and by A0(P) the set of strict P−partitions. Let
F (P) be the quasisymmetric enumerator of strict P−partitions defined by

F (P) =
∑

f∈A0(P)

xf(1)xf(2) · · ·xf(n).

Proposition 4.6 For a simple connected graph Γ on the set [n] and m ≥ 1 it holds

Ψm
0 (Γ) =

∑
P∈H(Hm(Γ))

F (P), (4.1)

where F is the quasisymmetric enumerator of strict P−partitions.

Proof In [3], Theorem 12, is shown that vertices of an m−graph polytope QΓ,m are naturally labeled by
acyclic 1−orientations of the hypergraph Hm(Γ) , i.e. that the cone CO defined by xi ≥ xj for xi → xj in
Hm(Γ)/O is the cone of some vertex in the hypergraphical polytope QΓ,m. If xi ≥ xj and xj ≥ xk then
xi ≥ xk , so the H−poset P which is the transitive closure of Hm(Γ)/O induces the same cone CO. Since
Ψm

0 (Γ) counts points in the normal cones of vertices of the m−graph polytope QΓ,m , Equation (4.1) is true.
2

At the end we will describe H−posets corresponding to the sequence of polytopes (QΓ,1, QΓ,2, . . . , QΓ,n−1)

associated to a simple graph Γ . The following theorem shows that from H−posets of Hk(Γ) we can obtain
H−posets of the hypergraph Hk+1(Γ). Note that H−posets of H1(Γ) are transitive closure of acyclic orienta-
tions of graph Γ , and H−posets of Hn−1(Γ) are B−trees.

Theorem 4.7 Let P be an H−poset of the hypergraph Hk(Γ) with the property that P is not a H−poset of
Hk+1(Γ) . Then there exists an algorithm that creates H−posets of Hk+1(Γ) by adding some relation in the
H−poset P .

Proof Let P be an H−poset of Hk(Γ) . It follows that for all subsets H ∈ Hk(Γ) the restriction P|H is a
rooted tree. As P is not an H−poset of Hk+1(Γ) , we can find H1 ∈ Hk+1(Γ) such that |H1| = k + 1 and
P|H1

is not a rooted tree. Since there exist at least two subsets of H1 of the cardinality k which belong to
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Hk(Γ) , there are v1, v2 ∈ H1 for which there is no element v3 ∈ H1 \ {v1, v2} satisfying either v1 <P|H1
v3 or

v2 <P|H1
v3 . By adding, respectively, the relations v1 < v2 and v2 < v1 to the poset P we obtain new binary

relations on the set [n] whose transitive closures are new posets P1 are P2 such that P1|H1
and P2|H1

are
rooted trees. If P1 and P2 are H−posets of the hypergraph Hk+1(Γ) we will stop this procedure. Otherwise,
we will continue in the same way, by taking a new hyperedge H2 ∈ Hk+1(Γ) of the cardinality k + 1 such that
P1|H2

or P2|H2
is not a rooted tree and by repeating the previously described procedure. This process will end,

since there is a finite number of subsets of the cardinality k + 1 in the hypergraph Hk+1(Γ). 2

Example 4.8 Consider posets P6 , P10 , P16 , P18 and P20 from the previous example and recall that P6 is the
H–poset for H1(L4) , P10 and P16 are the H−posets for H2(L4) , P18 and P20 for H3(L4) . From the H−poset
P6 we can obtain posets P10 and P16 by adding respectively relations 1 < 3 and 3 < 1 in P6 since P6|{1,2,3}
is not a rooted tree. Similarly, from P16 we can obtain H−posets P18 and P20 by adding respectively relations
4 < 1 and 1 < 4 since P16|{1,2,3,4} is not a rooted tree.
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