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the ideal of compact Hilbert space operators, associated with the Accepted 5 January 2023
s.n. function W, p > 2 and let A, B, X € B(H) be such that A, B are

COMMUNICATED BY
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1

> (A xB (Z(})BJ—fB*f) ,
k=0 j=0 v

hold under any of the following conditions:

(@ if p=>2,W:= ®”" and A or B* is normal (in which case
VM+I,N+J,— X =0)
AB ’

(b) if both A and B* are normal (in which case V3"~ X = 0),
(@ ifll-llw := |l and AX + XB € €1(H).

1. Introduction

Let H be separable, complex Hilbert space and let B(H) and Coo(H) denote the spaces
of all bounded and all compact linear operators, respectively. Each ‘symmetric gauge’ or
‘symmetrically norming’ (s.n.) function &, defined on sequences of complex numbers,

gives rise to a unitary invariant (u.i.) norm ||-||¢ on operators. Basic examples of s.n. func-

tions are the trace s.n. function ¢ (also denoted by £! or ¢;), defined by ¢ ((kn)Zil) &

def

ZZ‘;I |An| and the (B(H) or) operator norm £°° defined by £° (()‘n)zil) = sup,,cx |Anl.
Any such norm is unitarily invariant (u.i.) and it is defined on the naturally associated norm
ideal Co(H) of Cxo(H). For a s.n. function &, its adjoint s.n. function will be denoted
by ®*. Each ||| is lower semicontinuous, i.e. | lim y— 00 Xulle < liminf,_ o | Xull®,

where "lim ,_, o (resp. *lim ,_, ) denotes the weak (resp. strong) operator limit. This
[tr(XY)|
YTlp*

follows from the well-known formula || X||¢ = sup { : Yisﬁniterankoperator} . For

any p> 0 a s.n. function @ could be p modified and its modification o” represents a
new s.n. function (only) for p > 1. Also, the corresponding ideals of compact operators
will be denoted by € o® (H) and their duals by C q)(p)*(H), while the closure of finite rank

operators in the ||| o® will be denoted by G:)@)(H). The Schatten-von Neumann trace

classes GP(H) “e ,® (H) represent classic examples of norm ideals associated with degree
p modified (i.e. its s.n. function €) norms. €;(H) is also known as the class of nuclear
operators, while C;(H) is known as the Hilbert-Schmidt class. The norm in C,(H) will

be denoted simply by ||-||,. For p > 2, all norms Il > are also known as Q-norms, as

o? _ (cb(g)><2>

monly known as Q*-norms. Moreover, we have the following monotonicity property for
u.i. norms, saying that

Py . . g .
and ®(2) is also a s.n. function, while its dual norms ||-|| p®* are com-

[AXBllo < ICXDllo, (1)

whenever A*A < C*C and BB* < DD*. For the proof, see [1, p. 62] and note that (1)
immediately implies ||[AXB||¢ = |||A|X|B*|||l¢. In the normed space (X,]|-|) and a
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sequence {x,}°° | we write x = *lim ,_, o0 &, for some x € & if lim,, . [|x, — x| = 0.
Also, x = *Y"7°  x,, will denote that x = ¥lim 00 ) _p_; %k If X := Cy (H) for some
s.n. function W, through this paper, we use abbreviation ¥lim := ¢v@]im . Exceptions
from this notation will be the strong (resp. weak) operator limit and sum *lim ,_, and
SH 02 1 (resp. ¥ limy o0 and ¥y 07 ).

If (2,901, 1) is a space 2 with a measure y on the o -algebra 97, then we will refer
to a function A: Q — B(H): t > A; as a weakly*-measurable if t — (Ag, h) is mea-
surable for all g, h € H. If, in addition, those functions are integrable, then there is the
unique (known as Gel'fand or weak*-integral) and denoted by fQ A du(t)) operator
in B(H), satisfying <fQ Ardu(th, k) = [q(Ath,k) du(t) for all h,k € H. Thus, it also
complies with the definition of a Pettis integral. For a more complete account of weak*-
integrals, the reader is referred to [2, p.53], [3, p.320] and [4, Lemma 1.2]. For every
h € 'H, the function t — ||Ah|| is also measurable, and, if additionally fQ lAA|? dp(t) <
—+o0 for all h € 'H, then there exists a weak™*-integral fQ ATA,du(t) € B(H), satisfying
(fo AFA,duw(t) hyh) = [ |A¢hl* dju(t) for all h € H, as shown in [3, Ex.2]. Such fami-
lies {A,}, cQ will be called [@] square integrable on € ([p] s.i. or simply s.i.). If a family
{A},cq Or {A,}52, consists of mutually commuting normal operators, we will refer to it
as to a m.c.n.o. family. The terminology used in this paper is closely related to that used
in Refs [1,5], and a more detailed introduction therein may contribute to the comfort of
the reader of this article. For a more complete account of the theory of norm ideals, the
interested reader is referred to Refs [6-8].

In this paper we present some extensions of the arithmetic-geometric (A-G) means
inequalities for N-hyperaccretive operators. If A,B € B(H) then A ® B will stand for
the bilateral multiplier A ® B: B(H) — B(H): X > AXB. For accretive A, B € B(H)

and contractive operators C,D € B(H), some aspects of the accretive derivations
Az Z AQI+I®B and contractive perturbations (of the identity transformer) I'cp =
I®I — C®D on various norm ideals of compact operators will also be investigated. Let

us recall the Newton-Leibnitz formula (9) in Ref. [9]

X—e Txe "B = / e (AX+XB)e Bdt forallA,B,X € B(H), T > 0. (2)
[(0.7]

Throughout this paper, we use the notation N, ENU {0} and R, &t [0, +00).
We also need to emphasize that throughout this paper, we will treat (address to) every
unnumbered line in a multiline formula as a part of the consequent numbered one.

2. Preliminaries

First let us recall the next simple convergence principles for u.i. norms and a multiplication
property, including B(Cy (H)) (bounded transformers) valued functions.

Lemma 2.1: Let W be s.n. function, A,B,C,V: R — B(H) and X: R — Cy(H).

def . def . def .
(@) IfA, = B®limpgsss, Ay, Bo = BMlim sy, By and X, =Y1lim sy, X, then

YIlim AtXtBt = AOXOBO. (3)

Rat—t,
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(b) If Slimrs¢—t, [% c ] = 0, then Slimps—¢, A; = 0.

(¢) If additionally Ay >0 for all te R, then Slimpsise Ar=0 if and only
if Slimpgssss, /At = 0. Moreover, under any of those equivalent conditions,
Sim gss— ¢, Vin/Ar = 0ifsup || V|| < 400, where the supremum is taken for t in some
neighbourhood of t..

(d) If Slimy Ay =0 for a family {At}ter of normal operators in B(H) and
Wlim ¢—,+, By = B for a family {B;}ter in B(H), then ¥lim ¢, A¢B; = 0.

(e) IfT,S: Ry — B(Cy(H)) andlimso (II7; — Toll ey ) + ISt — SollBiey )
= 0, then

ltl{% 1 7:St — ToSoll B(ey (H)) = 0 (4)

“’%i{lg T:S5:(X) = TpSo(X) forall X € Cy (H). (5)

Proof: It suffices to prove the case B; = I for the formula (3) in the case (a), which follows
from the estimate ||A:X; — AoXollw = [|(Ar — A) (X — Xo) + (A — A X+ Ao(Xy —
Xo)llw < 1Ar — AcllliXe — Xollw + 1A — Alll Xollw + [[AollIXe — Xollw — Oast — f.

The condition $lim g5+, [’z g ] = 0 in (b) implies that lim;_,¢_ [A(Sh ] || = limy_,¢,

H [‘?{ g‘[] [6’]” =0forall h € H, so slimpss s, Ar = 0, as proclaimed.

The condition Slim A; =0 in (c) implies hm IVAHh|? = hm (Ath,h) <
Rat—t, »to
lim ||Ahl|lhll =0 for all heH, so Slim \/th_O. In the other direction,
Rat—t, Rat—t,

the condition Slimgs;; +/A; =0 implies *lim,_ \/ATn =0 and therefore M :=
SUp,,cN ||\/AT,, | < 400 for any sequence {t,};2, in R\ {t.}, according to the uniform
boundedness principle. Thus lim,_,  ||Az,hl < Mlim,_ ||\/ATnh|| =0 forall h € H,
implying Slim ,,_. o A, = 0 for any sequence {t,}5°, in R \ {£,} such that lim,,_, ;o t, =
to, which shows that $lim gs¢— ¢, A; = 0. The proof for (c) completes due to the estimate
limgos s, < sup || Vel limrsi—t, |v/Arh|| = 0 forall h € H.

In the case (d), we note that lim;; [[A}h| =lim, ||Ath] =0 for all he
H, so ‘lim;.; A} =0, which combined with the fact that "lim,., B} = B}
implies*lim ;_,;, BfAf = B} - 0 = 0. Consequently,”lim ;,; A;B; ="lim;; (BfA})*=
("lim ¢, (BfA})) "= 0*= 0, as proclaimed.

The formula (4) in (e) follows from the estimate

IT:S; — ToSollmeq a0y = (T — To) So + (To + (T — T0)) (St — Sl ey 00y
<7t = Tollses o ISollBees ) + (1ol Beew o) + 17 — Toll ey )
X |8 — SollBey 1))

which tends 0 as £+,0, while (5) is a simple consequence of the formula (4). |

Also, let us remind the following.
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Definition 2.2: If M,N € Nand A,B,C,Q,S, T, X € B(H), then we say that:

1° A is (strictly) accretive if (A* + A > ¢l for some c>0) A* + A > 0;

2° Ais N-accretive if A}, (I) = Y_)_o (J) A*"AN"" > 0;

3° Ais N-hyperaccretive 1f AL, (D) = > rso () A*AKK > 0forallN s k < N

4° Cis (strictly) contractive if (||C|| < 1) ||C|| < 1;

5° Cis N-hypercontractive if I’éiic(l) = ZEZO(—I)"(I;) C*Ck > 0forallNsk <N

6° Qis quasinormal if Q and Q*Q commute, i.e. iff QQ*Q = Q* Q?,

7° S is subnormal if there is a Hilbert space K and operators V € B(IC,H), W € B(K),
such that [ ] represents a normal operator on H & KC,

8° Tishyponormal if TT* < T*T,

def def
9°

= A(C) = slim 4 oo C**C" for every contractive C € B(H),

10° U, B(X) E Wlim 400 € A X e~ (whenever it exists),

11° vig® x¥ wIim ;- 400 /Af*A(I e TAX e TB ALy (I) (whenever it exists), and

especially VX £ VEL"X = Wlim 1, (/A" + Ae X e "B\ /B+ B*.

It follows from the very definition 6° in 2.2 that Q*"Q" = (Q*Q)" for all quasinormal
operators Q and n € N. Also, quasinormal operators are subnormal, as [g N Q*%:QQ*] is
a normal extension of Q from H to H & H.

Example 2.3: If C € B(H) is quasinormal contraction, then
) = Z( D"yt = Z( D"()(CO" = ~-CO" >0,

so C is N-hypercontractive for all N € N. Similarly, if A € B(H) normal accretive operator,
then Af.,(I) = (A* + A)" > 0, so A is N-hyperaccretive for all N € N. If A € B(H) is
both hyponormal and accretive, then A is also 2-hyperaccretive, as A*2 + 24*A + A% >
A 4 AA+ AA* + A2 = (A* + A) > 0.

Next we complement [9, Lemmas 2.5 and 2.7] with some basic properties of hyperac-
cretive operators.

Theorem 2.4: IfA € B(H) isaccretive,] € No,K,M,N € N,K < N < Mand T > 0, then:

(a) there exists U, (I) X STlim oo e " =A,a=A, 14,

®) fg, e WA A e A dt =1 — UA*A(I)

(c) (A*®I+I®A) Uy (D = A*U (D) + U (DA = 0,i.e. Uy, (1) € N(A*QI +1RA4)
if A is 2-hyperaccretive,

(d) if A is also N-accretive for N > 2, then

N—1 N

oA = /R et (Z (’Z)A*"AN—") ehdt>0,  (6)
+

n=0 n=0
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(e) an accretive operator in B(H) is N-hyperaccretive if and only if it is N-accretive,

63 { _tA*AN (D e_tA} . monotonically decreases, strongly converges to U ., (AZ’;\ u ))

=AY (UA*A(I)) as t > 4oo and e AN (e > AN (UL, (D), if A s
N-accretive,
(g) moreover, if A is N-accretive for some N = 2, it follows

1 / N—1 —tA* ~ N %N AN—HN A B
t e ATA e tdt=1-0,,, 1), %
w—1! Ja, g(n) »
1 M M—N
ik, (2 <x>A*”’AM‘”‘) =Y () Ata
R m=0 =0

(8)

[ k
1 My eTA = slim = e~ TAAK (]) o~ T4
TBTOO k! alaaDe - TETOO k! ApaDe
— wlim e ™" ‘/ Aﬁi;{(])— (9)
T—+00

forall N > k < N — 1. If A is also normal, then”lim r_, 4« in (9) can be replaced by
Slim T— +00-

Proof: The first equality in (a) follows by Joci¢ et al. [9, Lemma 2.5(e)], while the remaining
statements in (a) derives directly.

The application of the formula [9, (9)] to (A*,A,Lt) instead of (A,B,X,T) gives
IN LA A F A) e Ads = 1 — e ™Te A so by letting t — 400 the formula (b) follows.

The proof for (c) follows from (A*®I + I®A) U, (I) = <lim ;100 e A (A*F A)e A
= 0, according to [9, Lemma 2.5(e)].

The proof for (d) relies on the following equalities:

A (D = A (= U, (D) = A (f e‘”‘*<A*+A>e—tAdt)
Ry

- / eTNAY AT+ A) e dt = / e MAY (e dr (10)
Ry Ry

The first equality in (10) is based on the property (c), while the second one in (10) is due
to the formula (b).

Property (e) follows by the iterated applications of (d).

To prove (f), let us note that for 0 < s < ¢ it follows from the formula (2), applied to
(A*, A, AN (D)) instead of (A, B, X),

A*A

_SA AN— (I) —sA —tA AN_ (I) —tA / —uA AIZ*A(I) e—uA du 2 0
[s.]
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as Al , (I) > 0, which proves the monotonicity of the considered operator family and the
existence of Slim ;_, 1o € " Al 1(I) e "4, Moreover, for all t >
e—HATAN=L [y o—tA N— _ s —tA*\N—1 1 —tA
A e > 05, (A5 D) = Jlim e AL (De

— — * —
= Slim e tAA*»AAN 1(I) Slim AN Le (1) = Slim AN 1(6 tA%e tA)
t—+00 t—+00 t—+00

N—1 . —tA* —tA N—1 —
= Ay < tS_l)lToo e ¢ ) = A (UA*,A(I)) >

as Ayxy and Aﬁ’,;l are transformers which are continuous in the strong operator topology.

The proof for the formula (7) in (g) will be based on induction, so starting from the

inductive hypothesis that the formula (7) holds for N — 1 instead of N, for an arbitrary
h € 'H it follows

- _ 1 N—2 [ .—tA*A N—1 —tA
(= T,y = /R+t (e AN (D e A, ) e

1 o o
= (N_2)|A+ tN 2<e tA /I‘&F SAAZ*A(I)C SAdse tAh,I’l> dt (11)

1 *
= m A ’A; tN_z <e_(t+S)A Aﬁ;’*ﬂ (I) C_(H_S)Al’l, h> dtds
*IRL IRy
(N_ 5 /R / A2 de (e AN, (D e AR B du
+

:<(( 11)' / uNle“A*Ag;A(I)e“Adu>h,h>, (12)
N—1)Jr,

which actually proves the formula (7). The last equality in (11) is due to the formula (6)

while the last equality in (12) follows by the change of variables u := s + t, combined with
the double application of the Fubini theorem.

The proof for the formula (8) follows from

1
(N — 1)'/ e Ay (D e dt
1 «
= oDt ( /R e AL, (e dt) AN = T, (D)
: +
=AMV (D),

(13)

where the second equality in (13) is based on the formula (7), while the remaining equality
in (13) is due to the property presented in (c).

To prove that the second expression in the formula (9) equals to zero, for an arbitrary

N 5 k < N — 1, we rely on the following inequality-equality chain
Tk N—1 Tk
ST L —TA k+7 —TA < s} } : o —TA* k+7 —TA
TBTOO k! AaDe = TETOO k! ApaDe

k=1
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_ S1: —TA* —TA 1 —1 —tA* AN —tA
AA*A < TEI—POO <I —e e 4 — o= /[O’T] e AN (De dt))
(14)
= AQ*A (I- U () — (I- U;A(I))) =0. (15)

The equality in (14) is based on the formula (6) in [9, Lemma 2.4] for n := N, while the first
equality in (15) is due to the formula (7). Therefore, the first equality in (9) follows from

the fact that lim;— 100 H/T%e‘”%” = limr_ 100 < me e TA" k+’([) e TAp, h)
0 for all h € ‘H. The last equality in (9) follows from the previous one simply because

limT_>+oo< —TA” Vi b AkH(I)g, > =lim; 100 <g,\/ b AkH(I) e_TAh> =0 for all g,h €

2
‘H. The last remark in (g) is based on the equality lim;_, 1 | e —TA* ( I Ak+’ I )) =
1 2
lim7—, 10 H ({-f A'j;'jj(l)) ? e~ Tp| = o0forall h € H, whenever A is normal. [ |

In the sequel, we will use the following extended standard multi-index notations.

Definition 2.5: For an arbltraryN € N we define k £ (kl,. .., ky) €10, 1} ,C & (c15-. .,

cn) € [0,4+00)Y and ck —]_[n:1 cﬁ, together with the convention 001 and k| = o

2ot n

Lemma 2.6: If N € N, A,B* € B(H) are N-hyperaccretive, {c,}\_, is a sequence in
[0, +00), ¢o > 0 and Py: C — C: z > ¢, [ =, (cn + 2), then

Py(A*®I+I®A)I) >0, Py(BRI+I1Q B*)(I) > 0. (16)
Consequently, A is N-hyperaccretive if and only if A + €I is N-hyperaccretive for all ¢ > 0.

Proof: As (N ”)A*kAN "=k > 0 for all 0 < n < N, then the proof is based on the
following cham of equalities and 1nequalities:

N
PyA @I+I@AD = [ [l @ T+A* @I +1® A)(D)

n=1

_COZZC(A*®I+I®A)Nn(I)_COZZ ZNnA*kANnk

n=0 |k|=n n=0 |k|=n k=0

SOPy(A*QI+IQ®A)(I) = 0asd, = c Z\k|:n > 0forall N 5 n < N. The remain-
ing inequality in (16) follows from those already obtalned, simply by taking A := B*.

The special case ¢, :=1 and ¢, :=¢ for all N> k < k < N of the inequality (16)
shows that A+ el is N-hyperaccretive for all ¢ > 0 if A is N-hyperaccretive (see
also [9, Lemma 2.2]). Conversely, (A*®I + IQA)“(I) = 2Mlim . (A + e])*QI + I®
(A+eD)*(I) > 0if N 5 k < Nand A + ¢l is N-hyperaccretive for all ¢ > 0. |

Note that in the special case ¢, := 1 and ¢, := 0 for all 1 < # < N the inequality (16)
reduces to the very definition of N-hyperaccretivity of operators.
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3. Main results
3.1, [ JA* F+ AetA"®I+I8E) /B L B* dt transformers

The impact of accretivity to the standard normal extension of subnormal operator and its
consequences is the subject of the following lemma.

Lemma 3.1: Let &,V be a s.n. functions, p > 2 and A, B, X € B(H) be such that A, B are
accretive and X € Cy (H).

(a) If, in addition, A is quasinormal operator with injective real part, such that A* is 2-
hyperaccretive, then
(a) (aDA := [13 VA*’::AA* ] is (the standard) normal accretive extension of A to H &

'H and the family {\/A + A" e’tA} isam.c.n.o. and s.i. family on R (in respect

tz

to the Lebesgue measure),

(b) (a2)the following formulas hold:

VAT + A

1
A*+A JARA — AA* |2
T JATA — AAF A*+A

VA A (A*+ A) "3 /AA — AAF
2
0 \/1 — ((A*+A)_%«/A*A - AA*(A*+A)—%) VA T A

B 2
\/ — ((A*+A)_%«/A*A —AA*(A*+A)—%) JATA 0
(A*+ A)"1JAA — AA* VA* T A |

(17)

(b)

< XN, (18)

/ VA* + Ae X e B /B+ B dt
Ry

v

hold under any of the following conditions:

(@) (bW := ¢!,

(b) (b2)if ¥ .= ®”" and A or B* is quasinormal operator having the adjoint
operator which is 2-hyperaccretive operator with injective real part,

(c) (b3)if both A and B* are quasinormal operators having its adjoint operators
which are 2-hyperaccretive operators with injective real parts.

(d) (eHIf¥ .= o Ais quasinormal operator having the adjoint operator which is
2-hyperaccretive operator with injective real part and B is strictly accretive, then

<IXB+BY llym. (19
o®

/ VA  + Ae X e B ar
Ry
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(e) (2)If¥ := % Ais strictly accretive and B is quasinormal operator having the

adjoint operator which is 2-hyperaccretive operator with injective real part, then

f e MXe BB+ B* dt < IA*+A) V23X o (20)
R o®

Proof: To prove (al), let us note that the requirement A? 4+ 2AA* + A*2 > 0 is equiva-
lent to (m)z = A*A — AA* < (A*+ A)?, which by Heinz inequality implies
VATA = AAY < A*+ A, and 0 < Cp == (A*+A) 2J/ATA — AAT(A*+ A)"2 < L if A
is strictly accretive. In the general case, if A*+ A is injective, then we define a contrac-
tive operator Ca: R(JA*+ A) — H: «/m]‘ > (A*+A)7%«/m]‘ for every
f € H, which can be uniquely extended to the contraction on the whole R(v/A*+ A) =
R(A*+ A) = H and also denoted by Ca or (A*+ A) "2 JATA — AAF(A*+ A)"7. In
the same manner, by (A*-l—A)_%\/m will be denoted a bounded operator
Cun/A*+ A. Thus C4 is a contraction in both cases and therefore [CIA CIA] > [8 8]

according to [10, Lemma 3.1].
The first two equalities in (17) of (a2) are based on the chain of identities

2

VA*+A  Ca/A*+A
0<
0 I— CiVA*+A
[ VA*+A 0 JAY+ A CavA*+ A
| VARHACK, JARHAJI-C) 0 - CiVA*+A
T A*+A VA*+ACAVA*+ A
T VAT ACAVAT A JATHACLVAR A + AR+ A - COHVAR A

A*HA JAAAAT| sk, -
T |VATA—AAT A*4A ]‘A+A’

. ~ . . < def | VAFA  Cav/ATFA
which also proves that A is an accretive normal operator and A = |: 0o JEC m}

satisfies/ A+A= |A|. Therefore, {\/ AT p Ae A } is a m.c.n.o. family, which accord-

=0
ing to Theorem 2.4(b) is also a s.i. family, completing the proof for (al).

Similarly, to prove the third equality in (17) let A “ |: VI-CiVATA 0 :| , SO

CAvVA*HA  JJA*HA
AP = VI — CivVA*+ A 0
CAWWATA  JATA
VETAI-C JETAC |- GVATA o
0 VETA || Cu/AFA  JATA

[VA*+ A — C§ + COVA*+A VA +ACuV/A*+ A
VAXF ACpAJA*+ A A*+A

2
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?>z

_[ AtA  VEAAR| el
T VATA—AAY A*HA |

To prove (bl), we apply the inequality (30) in [5, Th. 3.1(c)] to s.i. families {A;};cr, and

{B}}ter, defined by A, o JA* T Ae A and B, & e—1B./B+ B* for all t > 0, based on the
facts that f]R e A (A*+A) e M dt <TIand f e BB+ B*) e B'dt < I, according to
the Theorem 2.4(b) and the inequality (1).

To prove (b3), note that B* = [ 0 VB -5*B ] and let X:=[J%], {Vi)ier, and

{Wi}er, be operators V; Ly & ! Zzzé ARl JAFA — AAFA*R and W, £ 30
C t) P lB*k«/BB* — B*BB" ¥ for all t > 0, which enables representations

- —tA ~ —tB*
—tA € Vt —tB* (S Wt
e = [ 0 e_tA*:| and e = [ 0 e_tB]'

Thus we have

/ VA *+ Ae X e BB+ B dt
R4+

~ H[ fR+\/Me_tAXe_thdt} o
0 0 v
_ / VJAF+ A CavVA*+ A e tA Vi To X
I I-CiJA*+A e~ Jlo 0
y [e—fB* Wt} VB+B,/I - C} B+ BCp
0 e 0 VBT B "
VATFA  CaJA A e
— U‘/ —tAXe—tB
AJr, 0 I-CiVA* +A
— k
vB+B* I-Cp. VB+B*CB*] dt U * (22)
%k B
VB+B v
< / \/7 e AX e BB 1 BF dt (23)
7 7
< (/ e 4 (A*—{—A) e A dt) X (/ e 1B (§k+ B:k*) e 1B dt)
R, R, ”
< XNy = I1XIlw. (24)

The equality in (21) is a consequence of the equality for singular values of the operator and
operator matrix involved therein, while the last equality in (22) follows from

VA*HA  CaJA*+A
0 I—-CiJA*+A
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~%

0 - CiVA*+A

|:\/m CavA* + A }

JI—C:/B+B* N
CpvB+B* B+B B

= U@\/Bv**—l— B,
>k
|:«/B+B* 1-C3, «/B+B*CB{| _ [ /I — C%.v/B+B* 0 }
0

[ I—C}.v/B+B* 0 }

Cp++/B + B* /B + B*

JVB¥B Cy/B+B*  JB+B
= VB + B Uz, (26)

which provides formulas for the canonical polar representations for A and B*, where Uy
and U are canonical partial isometries on B(H @ H).

The inequality in (23) follows by a double application of formulas in (17), the first
inequality in (24) is based on the Cauchy-Schwarz inequality (23) in [3, Th. 3.2], while the
second inequality in (24) follows by the application of Theorem 2.4(b) property, combined
with the inequality (1).

Finally, the proof of (b2) relies on the inequality (32) in [5, Th. 3.1(d)], by modifying
the proof for the case (b3). So, if A is quasinormal and A* is 2-hyperaccretive with injective

real part, we can take A := [‘3 VA*ﬁIAA* ] and 0 @ B := [ § ] to apply the inequality (32)

_~ 12
in [5, Th. 3.1(d)] to s.i. and m.c.n.o. family A := {(A*+ A) e_tA} and s.i. family
£>0

B* := {0 ® B+ B e P } . The complementing case in which B* is quasinormal and
t

=

B is 2-hyperaccretive with injective real part proves similarly.
To prove the inequality (19) in (c1), let us take again A := [‘3 VA*‘;:AA* ] and0 @ B .=

~ 12 s
[39] to get s.i. and m.c.n.o. family A := {(A* + A) etA} and s.i. family B :=
>0
{0® VB*+Be ™}, . By denoting Y := X(B+ B*)~!/? we get

/ VA  + Ae MAXe B gy f VA  + Ae MY /B*+Be Bt
Ry o® Ry
_ ”[o Jo VA + A YYB+ B e dt]
o

0

o®

o®

0 [-CJATA| 0 e ™o o

/MVM CavVA*+A :||:e_tA Vi }[0 Y:|

0 0 0 0 dt
0 B*+B|0 B

o?
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- UA/ VA —I—Ae_t‘il?(O@«/B*—l-Be_tB) dt 27)
Ry o®
c S~ N2 i 1/2
A (/ (A4 4) e_tA> ¥ 0@/ e B (B*+ By e B dt
Ry o® Ry
(28)
<Y 0@ i = 1Yl g0 = IXB+BY 40, (29)

where the (last) equality in (27) is based on the polar decomposition formula (25), while the
inequality (28) is obtained by using the Cauchy-Schwarz inequality (28) in [5, Th. 3.1(a)]
to families A, B and to Y instead of X therein. The inequality in (29) is due to [9,
Lemma 2.5(c)], combined with the double monotonicity property (1).

The just proven part (c1) enables to prove the inequality (20) in (c2) as

*
/ e M Xe BB+ B* dt = H < / e X e By/B+ B* dt> (30)
- / VBB e BXt e dt| < XA+ A) 2
Ry o®
= A"+ 4) 2 X]| o, (31)

where the equality in (30) and the last equality in (31) are based on the adjoint property
for u.i. norm ||| ;», while the inequality in (31) follows by the inequality (19) applied to
(B*, A%, X*) instead of (A, B, X). [

Moreover, the next theorem complements [9, Lemma 2.7] and provides the extension
of the arithmetic-geometric u.i. norm inequality for normal accretive operators in [9,
Th. 2.9(b1),(b2),(d),(e)] to quasinormal accretive operators.

Theorem 3.2: Let &,V be a s.n. functions, p > 2, A,B,X € B(H) be such that A, B are
accretive. If AX + XB € Cy (H) then also /A* + AX\/B + B* € Cy(H) and

JVA* + AXN/B + B* = / VA* + Ae "A(AX + XB) e 'B\/B + B* dt, (32)
R

+

H\/A* FAXVB+ B

o S AX+ XBlly, (33)

hold under any of the following conditions:

@l) V:=a"" andAis quasinormal having the adjoint operator which is 2-hyperaccretive
operator with injective real part (in which case Slim ;_ 100 v/A* + Ae™ = 0, as well
as ©2Mlim ;_, oo VA*FAe X e B /B+B* = 0);

(a2) Vv := " and B* is quasinormal having the adjoint operator which is 2-
hyperaccretive operator with injective real part (in which case lim ;_, 4 e~ '2/B+ B*
=0, as well as ©20lim ;_, {00 VA*+ Ae 4 X e B /B B* = 0);
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(b) if both A and B* are quasinormal operators having its adjoint operators which are 2-
hyperaccretive opemtors with injective real parts.

(cl) IfAX+XBe C )(H) A is quasinormal operator having the adjoint operator which
is 2- hypemccretwe operator with injective real part and B is strictly accretive, then

VA* + AX = / VA* + AeT(AX + XB) e P dt, (34)
Ry
VA A% ) <1AX + XB)B+BY 0. (35)

(c2) IfAX+XBe C(O)@)(H) A is strictly accretive and B* is quasinormal operator having

the adjoint opemtor which is 2-hyperaccretive operator with injective real part, then
XvB+B* = / e " (AX + XB) e "PVB+ B*dt, (36)
Ry
HX«/B +B*|
@

< (A*+A) 72 (AX + XB) || - (37)

Proof: To prove (al), let us note that

lim VA FAe A ]
t— 400 0 *
| VETA  CaWATA et v, 1
— S|y
= o 0 I-CiJA*+A [ efA*]
VA TA  Cu/ATA " S N
= slim . A = lim (A7 4 A)
t—+00 0 I—CivA*+ A t—+00

=0, (38)

according to [9, Lemma 2.5(e)] as Ais 2-hyperaccretive due to Example 2.3. This allows us
to conclude that Slim ;_, ;oo v/A* + A e~ = 0 as well, based on (b) and (c) in Lemma 2.1.
By applying the last equality in (38) to the normal operator B* instead of A in the case (a2)

it follows that lim;_, 4~ He‘téﬁﬁ\/ﬁ:“ + B**h ) = lim;, 1o ”x/ﬁ:“* + Bre B ‘ = 0 forall
he HoH. Thus, for every h € ‘H and h.= [0,h]T a straightforward calculation shows

2 —tB * | . 2
lim He’tB«/B—i—B*h — lim H[ ‘/B +B,
t— 400 t— 400
R [ N VB+B*/I—C3 B+BCp|;
T ts4o00 |0 O 0 _tB 0 /B + B*

T e 2
— lim ‘Ie*fB VB + B U *h

-0
t——+00
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ie. Slim; o e BYB+B*=0. As sups [VA*+Ae X|| < [|A*+ A[IV2IX]| <
+00, then

Slim VA*+Ae M Xe BB+ B =0. (39)

t—+00

The Newton-Leibnitz formula (2) implies

VA*+ AXN/B+ B* — VA *+ Ae ™ X e "B /B + B*

= / VA + Ae "M(AX + XB) e B\/B+B*dt forallT > 0. (40)
[0,7]

The existence of V,,X as ©2lim, ;oo /A*+Ae X e B\/B+B* in the case (a2)
follows from the following estimate forall 0 < 7 < s

H«/A* TAe ™Xe ™B/BFB — VA F Ae AX e BB B

2

= H f VA* + Ae " (AX + XB) e 'B/B + B* dt
(1,8] 2

s E A I (b

n 0 X||B* BB* — B*B
0 O0ffo0 B

y [e‘“g* Wt:| [«/BJFB* I-Ck N/15?+B>*<CB*} dr

0 e_tB 0 /B + B* 5
* . . o~ e~ =
- H/ [VA o A g} e (A @ 0)X + XB%) e BVE* + B Ug* dt
(78] 2

s ”/ WA F A @ 0)((A @ 0)X + XB*) e VB + B dt
(

T,+00)

2

— 0

|
2

/ (WA T A @ 0)(A®0X + XBY) e F'VB + B dr
(

$,4-00)

(41)

as T — 400, according to [5, Th. 3.1(d)], applied to s.i. family {/A* + Ae™™* & 0} __and
s.i. and m.c.n.o. family {(§’< + BN**)I/2 e_“;k*} , where B* := [%* VBB*B—B*B] . Argu-
t>T

ments supporting equalities in (41) are already used in the proof of the equalities (21)-(22).
The existence of ©2™lim 4o f[O,T] VA¥+Ae "A(AX + XB) e 'B\/B+ B*dt follows
from the estimate (41) as well, and moreover, according to the formula (40) it
equals to ©2Mlim ¢, {5 V/A*+ A (X —e TAX e_TB) +/B+ B*, which further equals to
VA*+ AX/B + B* as revealed by the formula (39). This proves the formula (32) in the
case (a2) and moreover, this also shows that «/A*+ AX+/B+ B* € Cy(H).
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To prove formula (32) in the case (al), we use the adjoint property of the Hilbert-
Schmidt norm |||, to get

lim H f VA* + Ae " (AX + XB) e BB+ B* dt
(T,400)

T— 400

2

= lim
T— 400

=0,
2

‘ / VBB e B (AX + XB)* e A VA* T A dt
(1,400)

according to the already proven part (a2), applied to (B% A% X*) instead of (A, B, X). So by
the formula (40) it follows

&00lim  A*FA (X _ e Ty e_TB) JVB+B*

T—+o00
= / VA*+A e A (AX+XB) e 'B/B +B* dt. (42)
Ry

By applying again the already proven part (a2) to (B*,A*,X*) instead of (A,B,X),

we conclude that Slim ;_, ;oo v/B+ B* e~ B X*e A /A* F A = 0, which therefore implies

WM 4y 400 VA*F Ae AX e B /B4+B* = 0. This allows us to recognize that

©200lim ;s 0o VA*+ AeTAX e 7B\/B+ B* = 0, which by the formula (42) proves (32).
Based on the polar representations (25) and (26), we get

[0 S, +OO)«/A* + Ae (AX + XB) e B/B + B* dt]
0

0

0 I— CAVA + A*
.y Y~ ,\;k* ™ 2 - .
x e A @AX + XB) B | VB BYI = Cpe VBT BCp) gy
0 VE+ B

= / UA\/A* + Ae—“‘(XX + XB) e_tBNﬁ\/ B* + B:"UB@* dt >0 asT— 400,
(1,400)

according to [5, Lemma 2.1(b)], applied to AX + XB instead of X, m.c.n.o. and s.i. families
{At}t€R+ and {Bt}t€R+ defined byAt = \/A* =+ A e’tA, Bt = e*tB* \/Ezk* —+ B\;k,(s = Q=

R4 and é, := [0, 1] for any increasing sequence {7,}5°, satisfying lim,_, o T, = +00.
Thus *lim 71— 100 [ oo VA" + A e "A(AX + XB) e 'B\/B+ B* dt = 0 as well, i.e.

/ VA* 4+ A CavA* 4+ A
(T,+00)

VA* + Ae M (AX + XB) e BB + B* dt

Ry
= Slim VA* + Ae " (AX + XB) e 'B\/B+ B* dt
T=+eo Jjo,1]
= ‘lim (\/A*—k AXVB+ B — VAT Ae X e BB+ B*)
— 400

= VA*+ AXVB + B, (43)
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which actually proves formula (32) in the case (b). Here, the second equality in (43) is based
on the formula (40), while the last equality in (43) follows from the already proven facts
that *lim 7, 10 €”"™/B+ B* = 0in (a2) and sup,~, [VA*+ A e ™X| < +o0.

A straightforward adaptation of the proof of the equalities in (27) provides

VA*+ Ae A (AX + XB) e B dtH

[1,400)
< VA*+ Ae " (AX + XB)e B dt
[7,+00) o®
~—~ P o —1
= UA/ VAT eid |0 AR ADEHE (0 g B Be ) ar
[1,400) 0 0 o®
— 0

as T — +00, according to the convergence property in € ¢ (H) presented in [5,

Th. 3.1(a)], applied to [8 (AX+XB)%B+B*)71/2] € GZ:(P)(H ® H), to s.i. and m.c.n.o. fam-
~ 12

ily A := {(A* + A) e_tA} and to s.i. family B := {0 @ v/B*+Be "} . Conse-

t>T

quently, Slim 7, 4 f(T, Hoo VAT + Ae " (AX + XB) e "B dt = 0, implying that

VA* + Ae A (AX + XB) e Bdt = slim VA* + Ae A (AX + XB) e B dr
R+ T——400 [O,T]
= Slir}rl («/A* +AX — VA *+ Ae TAX e_TB) = JA*+ AX, (44)
T——400

which actually proves formula (34) in the case (c1). Indeed, the second equality in (44)
is based on the formula (2), while the last equality in (44) follows from the facts that
Sim 75 400 €8 =0 by Joci¢ et al. [9, Lemma 2.5(f)] and Sup;> H«/A*-l—Ae_TAXH <
+00.

The formula (36) in the case (c2) proves similarly as the formula (34) in (c1), supported
by the fact that Slim 7, 1o € ™A X e "B/B4 B* = 0 as Slim 1 1o, ¢ "By/B+B* = 0 by
(a2) and sup,~, le”™X|| < +oo.

To prove the formula (33), we just have to use the expansion formula (32) and then apply
the inequality (18) to AX + XB instead to X.

For the proof of the formula (35) (resp. (37)) we use the expansion formula (34)
(resp. (36)) to apply the inequality (19) (resp. (20)) to AX + XB instead to X. |

3.2. Higher order derivatives (A®I + I®B)" and its related transformers

Lemma 3.3: If A,B,X € B(H) then 2™limq 1 (X — e "X e '®) = AX + XB. If, in
addition, A>X + 2AXB + XB* € Cy (H) for some s.n. function W, then

]
lim - (X _ e X e—fB> — AX + XB, (45)
t—0 t
1
lim —(I®I—e_tA® e—fB)—A®1—1®BH —0. (46)
=0t B(Cy (H))
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Moreover, A is contractive if and only if e =" is accretive for all t > 0.

Proof: The formula (45) follows from the estimate

1
H ?(X —eMxe By — AX — XB

v

1 t
=2 / <e_5A (AX + XB)e™B — AX — XB) ds
0

v

1 t s
== / / e “A(A%X 4 2AXB + XB?) e B duds (47)
0 JO

v

(48)

1 t
= / (t — u) e “A(A’X + 2AXB + XB*) e “B du
0

v

N

1 t
P / (t — u)|le “(A%X + 2AXB + XB?) e “B||y du
0

N

1 t
SIAPX + 24XB + XB g / (¢ — ) M IAI+IB) g,
0

efUAIFIBI — 1 — ¢(|A|l + |IBI)
=t |A2X 4+ 2AXB + XB*||g — 0, ast N\ 0. (49)
(Al + 11BI))?

Both equalities in (47) are due to Newton-Leibnitz formula (2), while the identity in (48)
follows by the Fubini theorem for B(H) functions, and the remaining inequalities and
the equality are based on elementary calculations. The case t /' 0 derives by applying the
already proven case t \{ 0 to (—A, —B) instead of (A, B). The proof for

1
B00lim - <X _ ety e—fB) — AX + XB (50)
t—0 t

goes similarly to the proof of the formula (45).

A —tB IE1IAI+IBI _q
N H1®1 et ®1_I®BHB(CW(H)) <1 LHALHED for o1 4 ¢
R\ {0} based on the estimate (49), the formula (46) follows.

A special case of formula (9) in Ref. [9] says that [ — e e~ = fot e AA* +
A)e A >0forallt > 0if A* + A > 0, i.e. e ™ is contraction if A is accretive. If e ™ is

contraction forall ¢ > 0then the formula (50) implies A* + A = 2™lim 4o e et >
0. [ |

t

Further generalization of Lemma 3.3 and some relations between N-hyperaccretive and
N-hypercontractive operators are presented in the following lemma.

Lemma 3.4: Let W be a s.n. function and let A, B, X € B(H). Then

(a)

FeK—tA,e—tB (X) = /

[0,¢]K

e SR A ( (2) AK—kXBk) e~ Ykt kB dt; --- dtg, (51)

k=0
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FeK—tB*,e—tB(I) =/

[0,¢]K

K
e Lic1 tkB* (Z ) B*kBK_k) e Tk iBdr . dr.  (52)
k=0
K
t_KFeK,tA*’e,tA (I) _ Z (Ili) A*kAK—k
k=0

lim =0. (53)

N0

If, in addition, 3 X1 (K',rl) AMHI=RXBF € @y (H) for some k € N, then for all t > 0

k=0
K

1;{% T e (X) — (A xBY | =o. (54)
k=0 W

(b) Operator B € B(H) is N-hyperaccretive if and only if e B is N-hypercontractive for all
t>0.
(c) Ife~™Bis quasinormal for all t > 0, then B is normal.

(d) A contraction C € B(H) is N-hypercontractive if and only if Cayley transforms C,c “
(I — rC)(I + rC)~! are N-hyperaccretive for all r € (0, 1). Moreover, an accretive oper-
ator A € B(H) is N-hyperaccretive if and only if for all ¢ > 0 Cayley transforms

def

Carer=T—A—eD(I+A+ e~ are N-hypercontractive.

Proof: Lemma 3.3 shows the validity of the case kK := 1 in the part (a) of this lemma. Also,

as T, (X)) =X— e Xe B = fot e *A(AX + XB) e—*Bds, the formula (51) follows

directly by induction. Formula (52) is a special case (A, X) := (B*,I) of the formula (51).
To prove (54), we rely on the estimate

K
RS e (0 — Y (§) A B (55)
k=0 v
K a X .
— K / (e_Zkl tkA (Z(’;) AK_kXBk) e k=1 4B _ Z () AK_kXBk) dfy - -
[0,t1K k=0 k=0
dtx
v
K+1
=¥ / / (e (Z(KZI)AK“"XB") eBdsdry - - - diy
(0,615 /10,54y ti] k=0 v
K+1
< t‘K/ / o e ) A e Pl dsdr - di
(0,61€ J10,3 Tk 1] k=0 v
K+1 K
< K SHUIAIHIBD) |32 (1) gt —ky gk / D tedty---dtg
k=0 v 71005
" K+1
:%eKt(IIAIIJrHBII) DO(EHAIKBE 0 ast0. (56)
k=0 v
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The equality (55) is due to the formula (51) and the equality (56) follows from the applica-
tion of the formula (2) to 7 := >}_; tx and to Y _j_, () AX"®XB* instead of X. The proof
of the formula (54) shows that this formula remains valid for arbitrary A, B, X € B(H) if ¥
is replaced with B(H), so the special choice (A*, A, I) for (A, B, X) gives the formula (53).

To prove (b) for N-hyperaccretive B, we use the formula (52) to see that l"e'i (BB D=0

for all N 5 k < N, and so e ~*B is N-hypercontractive. If e B is N-hypercontractive for all

t > 0, then the formula (53) applied to A: = B implies that }_¢_ (%) BBk > 0 for all
N 5 k < N, showing that B is N-hyperaccretive.

If e=*B is quasinormal for all >0 in the case (c), then by definition (e=*%" e
e Be By e B = 0, and consequently e~F'e~F = ¢~Be~5" for all t > 0. A double
consequent application of the formula (45) shows that

—tB _

* d2 *
e—tB(B*Z + 2B*B +B2) e—th @ (e—tB e—tB)

d2
~an
so by letting ¢ \( 0 we conclude B*B = BB*, as stated in (c).

To prove (d) let us note that C is N-hypercontractive if and only if rC is N-
hypercontractive for all r € (0,1) according to [11, Lemma 2.15] and the fact that (I — C* ®
O = 2Mlim, (I —rC* ® rC)*(I) > 0 for all N 5 k < N. If I+ D is (boundedly)
invertible for some D € B(H) (i.e.if —1 ¢ o (D)), then

K K

docses™ =Y () a—pHka+pHTFa — DR+ D)FE

k=0 k=0

(e—tB e—tB*) _ e—tB(BZ + 2BB* + B*z) e—tB*)

= (I+ D)™ () - DU + DY 1 — D) *(1 + D)1 + D)~*
k=0

= 1+DHY () (((1 — D& + D))* (I + D&(I — D))K*") (I + D)™
k=0

= (I + D" *((I — D"®U + D) + (I + D*)®( — D)) (DI + D)X

— 25(I + D*) X (I®I — D*®D)X(I)(I + D). (57)

By applying (57) to rC instead of D we get

K

Y (DCECETF =21 + rC) TRURI — ACROI (NI +rC) K = 0. (58)

k=0
The equality in (58) shows that C,c is N-hyperaccretive for all r € (0,1) if and only
if rC is N-hypercontractive for all € (0, 1), which was shown to be equivalent to the
N-hypercontractivity of C.

To prove the last statement in (d), let A be accretive and & > 0, in which case A, :=

A + el is also accretive and it satisfies (I + Cy,) ™! = (I +T—-A—eDI+A+ 8[)_1)71
= (I+ A+ ¢€l)/2 € B(H), so by applying (57) to Ca, instead of D it follows

21+ C; ) 7RIRI — € ® C, (DU +Ca) "
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K

— Z (I]: Z:I;e CA Z A*kAK k
k=

k=0

Therefore (IRQI — C;';S ®C AE)K(I ) = 0forallN 5 k < N, ie. Cy, is N-hypercontractive for
alle > 0ifand only if A, is N-hyperaccretive for all ¢ > 0, so by Lemma 2.6 this is the case
if and only if A is N-hyperaccretive.

Note that if any of those equivalent conditions are satisfied, then

> =nkf)esek = Z(—l)k(‘,j) (I — AT+ AT — AHFT + A)7F

:B(H)hmZ( DI — ADKT + A5 7RI — AT+ A

K

= BM]im Ky Ak A=k > ¢
lm Y0t >

which shows that Cy4 is also N-hypercontractive. |

In the sequel, the following generalization of Lemma 3.3 will be needed.

Lemma 3.5: If {cx};_, is a sequence in Ry for somen € N, A,B € B(H) and X € Cy(H),
then

n

1 n
ST(ter-c @ o )~ [Tl +H@1+18B)
k=1 k=1

=0,
B(Cy (M)

lim
0

(59)
¥lim l (1@ [— e tatd) g e_tB> ) =[]l +A@I+I®B)(X). (60)
k=1 k=1

Proof: As BCv0]im o (IQI—e "™ @ ™) = (] + A) ® I+ 1 ® B for all
N > k < n based on the multiple application of the formula (46) in Lemma 3.3, the con-
sequent application of the formula (4) provides the formula (59). Thus, the formula (60)
follows directly from the formula (59). |

Theorem 3.6: Let &, W be s.n. functions, J,K,M,N € N, satisfy K <M <] <N, let
A, B, X € B(H) be such that A and B* are N-hyperaccretive and X € Cy (H). Then

J—K 1/2 ¢ J—K 1/2
(Z ] K A*ZA] K— 1) Z (IIE) AK—kXBk (Z (]—iK)BI—K—iB*z)
i=0 k=0 i=0 N

J—M 12 M J=M 12
< (Z (IiM)A*iA]—M—l) Z( AM mygm (Z ’ M Bf M= ’B*’) , (61)
m=0 i=0

i=0 v
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and specially fork := 0andj:=M:=N

() U (L) <

n=0 n=0 w

N

> () 4w

n=0

,  (62)
w

hold under any of the following conditions:

(@) ifp =22,V := & and A or B* is normal,
(b) if both A and B* are normal,

© ifll-llw = Il
Proof: According to the inductive argument, for the proof of (61) it suffices to prove its

special case J := N and M := K + 1 for kK < N — 1. So applying in this case the inequality
(3.12)in [11, Th. 3.4] to C := e~ ™4, D := e~*B for an arbitrary t > 0, we get

12
H D ®0) T 00 (D5 0)

v

1/2
H Do) L (M) (63)

14

Therefore, the formula (3) in Lemma 2.1, combined with (54) and (53) in Lemma 3.4,
justifies (64) and (66) in

K

AN* K(I) 1/22 AK kXBk AN K(I))1/2

BB*

k=0 ]
- 1{1’(1) ” V a Nl—‘NtAIi —tA (I) t_KF —tAe—fB(X) = NFN tBK—tB*(I)H\IJ (64)

<lim | JEo L (T 00 e Lo 69)

N0 e B, e—!B*
1/2 A, 1/2
(AIIZ{AK—I(I)) / Z (K+1)AK+1 ky gk (Ag,B*K 1(1)) / , (66)
k=0 v
while the inequality (65) follows from the inequality (63). [ |

Further refinements and enhancements of Theorem 3.6 and [9, Th. 2.15] starts with the
following theorem.

Theorem 3.7: Let ®, WV be s.n. functions, let A,B,X € B(H) be such that A is (M + 1)-
hyperaccretive, B* is (N + J)-hyperaccretive for some 1,] € N, and M,N € N, such that k :=

MTJFN € N. If also Zf:o( ) AK- kXBK € Cy (M), then for ey = «/W

M % K—lTk
(Z(%)A*mAM—m> (X _ Z o —TA Z Ak ixp —TB)
m=0

k=0 i=0
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) (i(ﬁ)BN_nB*n)i

n=0

04

< CM,N

(I — Uy ()2 Y_(H)AFXBN I - U, (D)2

k=0

v
K
N Z(Ili)AK_kXBk ifr:=7:=0; (67)
k=0 W
M+I 2 K=l k k
m=0 k=0 i=0
N 2

< (m)

n=0 N

I 2 K
< e (Z (jAvA"™ ) D (AEXBE - By (D)

i=0 k=0

N4
1
2

I 2 K
< CuN (Z(i)A*ZAI—I) (I;)AK_kXBk
k

i=0 =0

ifreN,j:=0; (68)

v

M % K—1 Tk
(Z(%)A*WIAM—W> <X _ Zk —TA Z Ak lXBl —TB)
k=0 " i=0

N+J 2
% (Z(N;:—}) BN+JHB*H>

v

k=0

1
K ] 2
Seun |- UA_*A (I))% Z(IE)AK_kXBk (Z BJ—]B*J)
j=0

14
1

K i 2
< Cun Z JAKT kxBk (Z B’_JB*J) , if1:=0,7€eN; (69)
k=0 j=0

v

M+ 2 K2l ok k
(Z(MV:—I)A*MAM+IVH> <X_Z F e*TAZ(]:)AkleBl eTB)

k=0 i=0

1

N+J 2
% (Z(N:—])BN+J—nB*n>

n=0

v
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Dol —

1
I 2 K J
< Cun (Z (HA* A ’) Z (¥)AXkxBF Z(J’.)B]_jB*f , ifr,jeN, (70)

i=0 k=0 j=0
! v

hold under any of the following conditions:

@ ifll-llw =Nl )
(b) ifp=22,¥:= ®”" and A or B is normal,
(¢) ifboth A and B* are normal.

Proof: The common part of proof for inequalities (67)-(70) relies on the following chain
of equalities and inequalities:

CMN (AM+I(I) 1/2 ( Z . —TAAkB(X) —TB) (Aﬁ}’([))f 1)
v
1 tM% t¥

— AM—‘,—I I 2 —tAAK X —tB Nt] I 72
»&ﬂ( ®) V= DI/ —=1)! s e (A M()) . (72)

< (/ tM_l *tA AM-'-I(I) e*tA dt);

b [0,7] (m— 1)' 4%A
K N1 —tB N4 B %

X Ay (X) </[0,T] - 1)| Apy(De dt) (73)

v

M—1 o 2
- ( et (1 e _TAAZiA(I)e_TA>) AKX
m=0

=1 ) 3
x | AL (I —Z — e TBALL.(De P (74)
v

n=0

< H(AL*A(I— (D)) A (X) (A (1 — T (D)

v

< (s AL 00 (A, (D)

, (75)
w

where the equality (72) is due to the formula (5) in [9, Lemma 2.4], while the inequality (73)
follows by the application of the Cauchy-Schwarz norm inequalities to the s.i. families

. tM=D/2 M1 1/2 —tA . tWN-D/2 N+] 12 _p*
At = «/ﬁ (A (I)) B* m ( BE* (I)) € fOI' t e [0, T] and to

A%, (X) instead of X. Namely, in the case (a), we apply the inequality (30) in [5, Th. 3.1(c)],
in the case (b), we apply the inequality (32) in [5, Th. 3.1(d)], while in the case (c), we apply
the inequality (23) in [3, Th. 3.2]. The equality in (74) is based on formulas (6) and (7) in
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[9, Lemma 2.4]. The first inequality in (75) is based on the estimates

M1 .
AI,iV[,T d:ef/ e—tA AM*—H(I) e—tA dt = /
M o,r] (1 — 1)! e o,r] (1 — !

tM*l

—tA % M1
eAw AMH dr()

M=1

tM_l _ T A% _
= Al ( /[ e A A, dt(I)) = AL, (1 -3 e AT (D e TA)

0,7] (m—1)! o T
(76)

M—=1
A% T A% _ _
= Al (D = By (™) = Y e AT D T < ALy (1= U, (D),
m=1""

(77)

and A;;’;’f < Al o (1= 0 )) by analogy, where the last equality in (76) derives by the
formula (6) in [9, Lemma 2.4], while the inequality (77) is supported by the inequality
Al (e—TA*e—TA) > A}y, (U, (D) based on (f) in Theorem 2.4 because A is (1+ 1)-
hyperaccretive as 1+ 1 < I+ M. Both inequalities in (75) follow by combining those
estimates with the (double) monotonicity property (1).

Letusnote that AL, (U, (D)) =1 (U, () = U, () forr:= 0and A’ (U, (D)
= 0forI € Naccording to (c) in Theorem 2.4, with similar conclusions for A; - (UB_B* I )) ,
which starting from the already proven inequalities (71)-(75) explains all presented
inequalities in (67) if 1 := J := 0, inequalities (68) if 1 € N, := 0, inequalities (69) if 1 :=
0,7 € N and the inequality (70) if 1,7 € N. |

Lemma 3.8: Let &,V be s.n. functions, let A,B,X € B(H) be such that A is (M + 1)-
hyperaccretive, B* is (N + J)-hyperaccretive for some M,N,k € N, 1,7 € N,, such that K :=
MTJFN € Nandk < xk — 1. Ifalso Zﬁ:o (IZ)AK’kXBk € Cy(H), then

k
17 1
: + —TAA Kk —TB +
Mlim  (AJD)? 5 e AL 0 e (AL D) =0, (78)
1 1
WX = i (ARLD)? e X e (A (D)7 (79)
1 1
(AZ[{;I(D)Z X(Ag);k](l))z _ VAA)/[B—H’N_'_]’_X
R I 1B [ ANH /)3
= / (A% (1))2?1)'e ARC0 e (AL (D)2 dt, (80)
R, K :

hold under any of the following conditions:

@ flllw = Iy and AX + XB € G,
(b) ifp =2,V := ®”" and A or B* is normal,
(¢) ifboth A and B* are normal.

Moreover, \C\A?I’NH’_X = 0 in the cases (b) and (c).

Proof: To prove formula (78), let us first consider the case 2 < M < N. If k < M — 1 then
we take m := n := k, while in the case M < k < W — 1 let us take m := M — 1 and
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n:=2k—mM+1implying that 3<2M —M+1<2k—M+1<M+N-2—-M+1=
N — 1.Inboth caseswehavem < M — 1, n < N—1and m + n = 2k, so
k

1 1
; + 2 —TAp k —TB + 2
slim (AMD)* e AL 0 e (A M)
Jminl T" it —TANKk (T ~u :
= TSEI-EOO(m A% (1)) NS, (X) e ( Ay (I)) =0. (81)

1
Namely, $lim 7, 100 (Tm Aﬁf;l { )) e TA ), according to the formula (9) in Theorem

1
24asm < M—1 < M+ 1 Similarly, Slim 7, 4 (Tn Ag’;@%b) 2 oTB* _ implying that

1
SIiM 7y 400 € 7B ( Ag’;’ I )) * = 0if Bis normal, in which case the last equality in (81)
is valid, thus supporting the formula (78) in the case (c), as well as in the case (b) if B
is normal. If A is normal in the remaining case in (b), then applying Lemma 2.1(d) to

A= ( AM'H(I)) A and By := A 0. e 7B (Tn Ag];](l)) for all T > 0 implies
the formula (78).
In the next case M := 1 wehave N > 3,502k < 2k —2 =N — 1 and

k
1/2 _ _ 1/2
TAAk)B(X) e TB (AII;I);;/(I)) /

"lim (ALTL(D)

T— 400 A%A

3

(C201 12 AN o 1 AN (] "
= wlim (A (I)) Ayp(X)e ) =0, (82)

k!l 1400 (2k)! A

if A or B is normal. Indeed, if B is normal, then (9) applied to B* instead of

. . . 2k 1/2 . 2k 1/2 _op
A implies Slim ;4o €7 B ((gk)' Ag’;’([)) = Slim 7— 100 ((gk)' Ag;;’(l)) e~ TB —
0, so the equality in (82) follows as all others operators appearing in (82) are uniformly
bounded for 7 € R,. Also, if A is normal, then for any h € H, the spectral measure E
& (E(8)h, h) for any Borel set
‘2

associated to A*+ A and a finite measure uj, given by w,(8) =

2
8 C Ry we havelimy—, o ”(Aiﬂgﬁ([))z e—TAh” = limy— 400 H(A*—i-A)ﬂ _TA7+Ah

limy s 400 fO”A*JrA” e T dpy(t) = fOHA*JrA” 0/,L (f) = 0 according to the Lebesgue
dominance theorem. Thus *lim T%JFOO(AH'I(I )) 7 eTA = 0, which combined by the fact

1/2
that*lim ;_, ;oo e "B (5:;, Ag;;’ (I)) = 0, based on (9) applied to B* instead of A, which
proves (82), according to Lemma 2.1(d).

In the case (a) note that for rank one operators g* ® h: H — H: f > (f,g) h, where

g h € 'H, we have

k
. 1/2 _TA _7TB + 1/2
im | (2)F @) e eme ™ (a4 )
1
vm!n!

im
k! 1400

1/2 * m 1/2
(G ("

1
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vmln!
= lim

o dim =0, (83)

1
< AN+](I)) 2 —TB*
nl B

where the last equality in (83) is based on the formula (9) in Theorem 2.4. Thus for-
mula (83) actually shows that

A*A

12
|' AM-"‘I(I)) e—TAh

k
@oolim (A4HD)' e Y e (A M) =0 (84)

T— 400 BEB*

(T’” AM“(I)) g — o

A*A

for all finite rank operators Y on H. As limT_)JrOO’

and functions T > are continuous on Ry for any h € H,

( AM-H(I))I/Z e~ TAY

A*A

(T’” AM-H(I)) 1/2 e~ TA
(o)™ e

< 400, so it follows that the transformer family { (Afﬁ; (I))l/2 AR e T8

( ™" AM-H(I)) e~ TAR

then sup,, < +00, and thus sup, 5,

< 00 by the uniform boundedness principle. Similarly, sup,,

( I;;] (I)) } is uniformly bounded on €;(H). Thus, by a convergence principle of
Banach—Steinh>a(ils theorem it follows that formula (84) remains valid for all Y € G;(H),
including Y := AX 1.5(X), which completes the proof for the formula (78) if 2 < M < N or
M:=1,N = 3.

The remaining case M > N proves by analogy.

To prove (79), let us first note that

Wwlim (AM-H(I))% C_TAXC_TB( N+](I))

T—+oo \ 4™ BB
- ;VETOOIE I (am)t e mak,00 e (a3) (55)
= vim (&) X (a3 ) -
fm (A D)2 7 K_i), AKX P (AN (D)? ) (86)
= (AJH(D)? X (AN (D) -
/R ) (Af*f(l))é(K—_i)! e MAK (X)e B (AZJ;](I))% (87)

where the equality in (85) follows from the formula (78), the equality in (86) is based on the

formula (5) in [9, Lemma 2.4], while the equality (87) is due to [5, Th. 3.1(c)] in the case

(a), [5, Th. 3.1(d)] in the case (b), [5, Lemma 2.1(b)] in the case (c), all applied to s.i. fami-
1 1

lies A, := ( i AMH(I))2 e " and B} := ( e AI\]+](I)>2 e ™ forallt € R, andto

(M—1)! —A%A (N—1)! = BB*
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Al (X) instead of X therein. So the equalities (85)-(87) prove the integral representation
formula (80).

To prove the last statement in the theorem, note that if B is normal, then it fol-
lows from the case « ::% in [9, Lemma 2.5(d)] that Slim;— 4o VB Bfe B =

1
0, and therefore Slim ;_, 1o, €78 (Ag;t’(l))z = Slim 7 100 e_TB(B—f—B*)% =0. As

H ANI(D)) 2 x| < QAN HX] < +oo, this implies V5T X = 0. Similarly,

1 1
if A is normal, then for all g, h € H we have ‘<(AQ@I(I))2 e X e B (AYT (D)2 g h>‘
< QIBIDM X1l ”e’TA*(A*—i—A)%hH — 0 as T — +00, so again V)3V~ x =

Theorem 3.7 and Lemma 3.8 provides new tools for further advanced versions of
Young and A-G norm inequalities for N-hyperaccretive operators, already obtained in
Theorem 3.6, [9, Th. 2.15] and [12, Th. 3.6], as we show in the following theorem.

Theorem 3.9: Under the conditions of Theorem 3.7, including conditions (b), (c) therein,
and the condition (a) of Lemma 3.8

M+ % N+J %
(Z(M:;I)A*mAM+Im> X(Z(N;H)BNHnB*n) _ ‘/AI\’/[B+I,N+],7X
m=0 n=0 v

< o (2008 - 57,0 )

i=0
1
K ] \
x Y (DATXBE Y ()BT (I - Uy (D) BY
k=0 j=0 v
, b« ) :
< <Z(;)A*iAI‘i> Y (A xB | > ()BBY _ (88)
i=0 k=0 j=0
v

Moreover, V,ﬁfg“’NH’_X = 0 in the cases (b) and (c).

Proof: The proof of the first inequality in (88) relies on the following chain of equalities
and inequalities:

CMN (AM-H(I))% (Ag;;](l))i VXB+I)N+])_X

v
M-1 N-1

H/ AM+I(I) % \/(; — 1)' \/(;2_ 1)' e_tAAiB(X) e—tB (AI;;;](I))E

(89)

v
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N

M1 A* " 1
( /R (M_D'e—f A D) e dt) ASL(X)
. !

! (B A N+ tB* :
X e PAT (D e dt 90
( r, (v —1)! we (D ) ©0

v

, (91)

= H (Al (I - U{;A(I)))% AL (X) (Agﬁ* (I- (G (1)))% .

where the equality (89) is based on the integral representation formula (80) in Lemma 3.8,
while the inequality (90) follows by the application of the Cauchy-Schwarz norm inequal-

_ 1 — 1 *
ities to s.i. families A; == L2 (ANT(D)? e, B = Lo (AYY (D) e for

t € Ry and to Al (X) instead of X. Namely, in the case (a) we apply the inequality
(30) in [5, Th. 3.1(c)], in the case (b), we apply the inequality (32) in [5, Th. 3.1(d)],
while in the case (c) we apply the inequality (23) in [3, Th. 3.2]. The equality in
(91) is based on the formula (7) in Theorem 2.4, as fR+% e’tA*AﬁﬂjI(I) e A dt =
Al (fR+ % e_tA*Af{k’A (I)e ™ dt) = Al,, (I-U_,(D), and similarly for B.

The last inequality in (88) is in fact the already proven last inequality in (75). The last

statement of this theorem is exactly the last statement of Lemma 3.8. |
The extension of Theorem 3.6 is another direction is provided by the following theorem.

Theorem 3.10: Let Kk € No,M,N € N satisfy 0 < K < M < N, let ¢, > 0 and {cn}l,;’:1 be
a sequence in Ry. Let also Py and Ty_x be polynomials given by Py: C — C: z
¢ [Tiei(ck +2) and Ty—x: C — C: z—> ]_[Z:K_H(ck + z) and let &,V be a s.n. func-
tions. If A, B, X € B(H) are such that A, B* are N-hyperaccretive, X € Cy (H), then

H\/TN,K(A* 1+ 10 A)(D)P(AS] + IQB)(X)y/ Ty (B® I + 1® B () Hw

< H\/TN_M(A* ® [ +1® A)()Py(ASI +I®B)(X)y/Ty—u(B® I +1® BY)(]) Hw :
(92)

Ve @ T+ Te HOX/PBET+T8BYD| < IPA®T+I8 By,
(93)

hold under any of the following conditions:

@ ifll-lle = Il
(b) ifp =2,V := ®”" and A or B* is normal,
(¢) ifboth A and B* are normal operators.
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Proof: Asitsuffices to prove the case ¢, := 1, the application of the inequality (3.11) in [11,
Th.34]to C:= e ™, D:= e ®andr, := e forallN 5 n < Nand t > 0 provides

1
N 2
[[t'ael—ee™ @ e™n)| [[fldel-—e e @ e P)X)
k=Kk+1 k=1

1

N
X l_[ FlIQI—e e B g e B ()

k=Kk+1
v

1

N 2 M
< [] laer—-ee™ @ e ™| [[t'del-—e™ e )X
k=m+1 k=1

2

N
X 1_[ FlIQT—e e B g e B () . (94)

k=M+1
v

def def

Next, we introduce families Z,(H) = [[}_,; t 'U @ —e ke ™ @ e B)(X), Q,(t) =
[T, I —e e ™ @ e~ YD),  Su(t) = [Ten MA@ I—e%e?Q
e B ) forallN 5 n < Nand t > 0, so the formula (60) in Lemma 3.5 actually says that
YIim ¢ 0 Tn(t) = Pp(Aap)(X), 2M0]im 4o Qn(t) = Ty—n(Axea) (D) and 2F0]im 4\ o Sy (t)
= Tnx—n(App)(I). Therefore by Ando [13, Th. 1], we get Z™lim; o/ Qu(t) =

VTvn(Bae) D) and 200%im 0 /Sy (®) =/ Ty-n(B ) (D),
implying that for n € {k, M}
“1im Qu(O T (OVSa(8) = VT B aa) DPa(Bas) Oy T (s ) Dy (95)
lim [ VATV, , = |V Ix-aBc) DPu(Ba) OV T B D

(96)

Indeed, the application of the formula (3) in Lemma 2.1 to A; := /Q,(¢), By := /Sy (2)
Xy := T,(t) implies the equality (95), and therefore the continuity of ||-||¢ norm on Cy (H)
proves the formula (96). Thus the limiting process based on the formula (96), applied to
the inequality (94), proves the inequality (92).

Special case k := 0 and M := N (in which case we assume P, = ¢,) of the inequality (92)
asserts the inequality (93). [ |

We conclude this paper with the following.
Open question: Does the Theorem 3.7 remains valid if the requirement for normality
therein is reduced to quasinormality for N > 2?2
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